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1 Solutions

1. 4(7*+x) =28 —12z. Find z.

21
Solution: ——

Divide both sides of the equation by 4.
+r=T7-3
49-7=-3zx—=x

42 = —4x
-21
r=—
2
2. In the arithmetic sequence 107, 88, 69, ..., what is the 7th term?

Solution: -7
The common difference d is 88 — 107 = —19. Using the explicit formula for
arithmetic sequences, ay = 107 4+ (7 — 1)(—19) = —7.

3.  If the degree measures of the angles of a triangle are in the ratio 2 : 3 : 5,
what is the degree measure of the largest angle of the triangle?

Solution: 90°
2z + 3z 4 bx = 180, z = 18. The largest angle is 5 x 18 = 90°.

4. Tracy goes to a friend’s house. Her friend has some cats and some chickens.
Tracy counts that there are 11 animals in total, and they have 28 legs in total.
Each cat has 4 legs, and each chicken has 2 legs. What is the positive differ-
ence between the number of cats and the number of chickens Tracy’s friend has?

Solution: 5
Let the number of cats be z and number of chickens be y. Set up the equations:

r+y=11
dx + 2y = 28

Multiply the first equation by 2 to get 2z + 2y = 22. Subtract this equation
from the second one to get 2x = 6, x = 3. There are 3 cats. 3+ y =11, y = 8.
There are 5 chickens. The positive difference between them is 5.

5. A triangle has side lengths 9, 40, and 41. Find the shortest altitude
in this triangle.



Solution:%

This triangle is a right triangle (92 + 40 = 412). The shortest altitude is the
altitude to the longest side, which is the hypotenuse with a length of 41. Call
this altitude a, and use the area formula to set up $(9)(40) = 3(41)(a). Solve
the equation to get a = %.

6. A parallelogram in the coordinate plane has coordinates (0,0), (3,7),
(4,5), and (x,y). Find the sum of all possible values of x.

Solution: 7

After plotting the three given points, connect them to form sides of a parallel-
ogram. There are three ways to connect them, so there are three possibilities
for the fourth point. The fourth point is found by considering the slopes of the
sides.

(-1,2)




(1,-2)

Adding the three x coordinates, —1+7+1=7.

7.  If there are 5 identical balls and 3 identical boxes, how many ways can
you put the balls in the boxes if you can leave boxes empty, but all balls have
to be stored?

Solution: 5

Divide into 3 cases: one box has all the balls, two boxes have all the balls, or
all three boxes contain one or more balls.

First case: there is only 1 possibility for one box to have all the balls.

Second case: you can divide the 5 balls into 1,4 or 2,3 for the two boxes, so 2
additional possibilities.

Third case: you can divide the 5 balls into 1,1,3 or 1,2,2 for the three boxes,
so 2 additional possibilities.

In total, there are 1 + 2 4+ 2 = 5 possibilities.

8. How many distinct positive 3-digit integers satisfy the condition that
the product of their digits is 727

Solution: 24

72 has the single-digit factors of 1,2, 3,4,6,8,9.

If we start with 1, the other two digits must be 8 and 9. 189 has 3! = 6 permu-
tations.

Moving on to 2, the other two digits should have a product of 36. The possibili-
ties are 4,9 and 6, 6. 249 has 6 permutations, and 266 has %: = 3 permutations.
If we start with 3, the other two digits have a product of 24. The possibilities
are 3,8 and 4,6. 338 has 3 permutations, and 346 has 6 permutations.

All the possibilities starting with 4,6,8,9 have been accounted for by the dif-
ferent permutations. In total, there are 6 + 6 + 3 + 3 + 6 = 24 possibilities.

9. A cube is inscribed in a sphere of radius 2, and another sphere is in-
scribed in the cube. What is radius of the smaller sphere?



2v3
Solution: i

The radius of the larger sphere is equivalent to half of the diagonal of the cube.
The radius of the smaller sphere is half of the side length of the cube. The
diagonal of the cube is V352 = 4, 3s® = 16, s> = 18 s = %. The radius of

3
the smaller sphere is %
10. If 363 in base b is equal to 243 in base 10, what is b7

Solution: 8

3b% 4+ 6b + 3 = 243
302 +6b—240 =0
V> +20-80=0
(b—8)(b+10)=0
b=8,-10

—10 is extraneous, so the answer is 8.
11. Find the remainder when the last two digits of 11° are divided by 6.
Solution: 1

Solution A: We use mods;
11=5 mod6

For 5™ where n > 2, the last two digits will always be 25, so the remainder when
6 divides 25 is simply 1.
Solution B: Let’s find a pattern. Let’s continue to raise the power of 11,

but we can discard everything but the last two digits.

11t =11



112 =121 =21
112 = 1331 = 31
11% = 14641 = 41

11°=...91

So we just need to find the remainder when 6 divides 91, which is simply 1.

12. Richard and Tracy are playing a dice game. If a player rolls 1 — 5,
it changes to the other player’s turn. If a player rolls a 6, s/he rolls again. The
first person to roll two 6’s in a row in his/her turn wins. If Richard goes first
in this game, what is the probability of him winning with no prior 6’s rolled by
him or Tracy?

Solution: ﬁ The probability of Richard rolling two 6’s in his first turn is

(1)2.

If6 he wins in his second turn with no prior 6’s rolled, then every roll before must
be 1 — 5. The probability is (2)2(3)? = 2—2.

The probability of Richard winning in his third turn is (3)*(3)% = 2—2.

We see that with each extra turn Richard receives, the probability of him win-
ning is the previous probability multiplied by 2—2 = %. This results in an infinite
series. The total probability is

13. Given a + b= 3 and a? + b? = 12, find exactly the value of a® + b°.

Solution: 1647
We square the first equation to find that a? + 2ab + b*> = 9. Plugging in the

3
second equation, 12 4+ 2ab =9, and ab = —3 We want to find a® + 5. Both of

these terms would appear if we multiplied out (a? + b2)(a* + b*).
Expanding,
(a® +b?)(a* 4+ b*) = a® + a?b* + a*b? + b° = a® + 05 + (a®b?)(a® + b?)

Thus, the only thing left to find is a* + b*, which can simply be found my
squaring a? + b2.
a? +b* =12

(a2 + b2)2 — 122



a* + v* 4+ 24°%0% = 144

We know ab = 7%’ so a’b? = % Plugging this in,

a4+b4+g:144

and
279

4 4
b =
a” + 5

So,

2
(a2 + b)(a* + bY) = 12 + % —aS 1 4 ((-%)2)(12) — QS B9 =27

Doing some multiplication and subtracting both sides by 27, we reach our final
answer of 1647.

14. In triangle ABC, points D, E, F are on BC,CA, AB, respectively, such
that AD 1. BC, DE 1. CA, EF 1 AB. AD and EF intersect at G. Given that
CE =4, FA =12, and that AG = 2v/3, find EG.

Solution: 2v/21

243

6v3 FE

43
60°

30°
B D 8 c

Refer to the figure. We see that since CE =4 and EA =12, DE = v/4-12 =
V48 = 44/3. Now, since CE = 4, we notice that ADEC is a 30 — 60 — 90
triangle, and /D = 30°. Thus, since AD 1 DC, then ZADE = 60°. Further,
since AC' = 16 and ZC = 60°, AD = 8v/3. We are given that AG = 2/3, so
GD = 6v/3.

In the end, we want to find EG, which can now be found using law of cosines
on triangle GED.

GE? = GD? + ED? — 2(GD)(ED) cos(GDE)

GE? = (6V3)% + (4V/3)% — 2(6V/3)(4V3) cos(60°)



1
GE? =108 + 48 — 2(72)(5) =156 — 72 =84
Finally,

GE = V384 = 2V/21

15. The roots of the polynomial z3 4+ 42z — 1 = 0 are r1,7 and r3. Find
exactly
27"% N 27’% n 2T§
(37”2 + 1)(37‘3 + 1) (3r1 + 1)(37"3 +1) (3r1 + 1)(37’2 + 1)

1
Solution: —

Let’s just take out the 2 from the expression and multiply it back at the end.
Let’s also combine denominators.

r? 3r; +1 + r3 3rg +1 + r3 3rs +1
(Bro+1)(Brs+1) 3r1+1 (Bri+1)3rs+1) 3ro+1 (Bri+1)(3ro+1) 3r3+1

So

37“% + r% 37“% + r% 37“% + 7“92)

T B A DB )G+ D) Bt DBt )G+ Bn+ )G+ )3+ 1)

Now we can combine. Grouping,

30 43+ (rF + 34 13)
(37’1 + 1)(37"2 + 1)(37"3 + 1)

Looking at this expression, we see that we want to find the sum of the cubes
of the roots and also the sum of the squares of the roots. This can be done
through Newton Sums and Vieta’s, which we get from our equation.

Going back= 23 + 4z — 1 = 0 tells us that (with Vieta’s):

r1+ro+1r3=0 (1)
r1T9 + 1173 + ror3 = 4 (2)
rirory = 1 (3)

We first find r? + r2 + 2, which can be done by squaring (1).
(ri+ro+73)2 =712 + 13+ 75 +2(r1r2 + 1173 + 72r3)

So
02 =7 +73+r:+2(4)

and
—8 =141l +r§



Now we move onto 73 + r3 + 3. Instead of cubing the first term, which would
be overly-strenuous (and really not fun), we notice that since ry + ro + 73 = 0,
then r3 = —rqy — ro.

We can use this fact and substitute it into what we want to find.
s s = s (= —12)?

Expanding the parenthesized value using the binomial theorem (or just hand
expansion) finds:

34y 4+ (= — 1) =0 s — () + 30y + 3rrs +73)

Multiplying the negative in, some things will cancel; we are left with a simpler
expression.
34 s — (r3 4+ 3riry + 3172 +13)

= ri’ + Tg — rf — 37“%7“2 — 37“17“3 — rg = —37“%7“2 — 37"17“5
= 737’17"2(7’1 —+ ’I”Q)

But again using (1), r; + 7o = —r3, so
= —37"17‘2(1"1 + ’I"Q) = —37"17‘2(—1"3) = 3(7“17"27’3)

Using (3), this value is simply 3, so r$ + 73 + r3 = 3 We can finally plug these
values back in.

3(r} +r3+7r3)+ (ri+r3+1r3) 3(3) + (—8)

(37‘1 + 1)(37‘2 + 1)(37“3 + 1) (3’/‘1 + 1)(37‘2 + 1)(37‘3 + 1)

1
(37“1 + 1)(37"2 + 1)(3T3 + 1)
The only object left to tackle is the denominator. Simple expansion reveals

that (3r1 + 1)(3ry + 1)(3r3 + 1) = 27(r1rar3) + 9(rire + 773 + 1or3) + 1 =
27(1) + 9(4) + 1 = 64 So,

1 1
(Bri+1)Bro+1)(3rs+1) 64

But let’s not forget about the 2 we factored out at the beginning! Our answer

. 1 _ 1
152-@—32.



