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1. When the two roots of 22 — 12z + 54 and a complex number k are graphed in the complex plane,
and each root is connected by a line segment to the origin and to k, the line segments form a right

trapezoid. The product of the possible values of k can be expressed in the form rcis#. Find r + —.
T

Answer: m

Solution: The two roots of the polynomial are 6+ 3i1/2. We will interpret the points in the cartesian
plane and solve a system of equations.

Label points (6,3v/2), (0,0), (6, —3v/2), and (a,b) with A, B, C, and D, respectively. In order to form
a right trapezoid, since ZABC' # 90°, either AD || BC and BC' L CD, or AB || CD and BA 1 AD.
These two cases are symmetric, so we will focus on the former. Setting up two linear equations for this

case, we get the following system:

y—3v2= _36\/§(x—6)
y+3\f2:3\6/§(m—6)

Solving this system yields the solution (10,1/2). Since the other case is symmetric across the z-axis,
the two possible values are k = 10 £ iv/2.
Multiplying these together, we have (10 + zx/i) (10 — ’L\/§) = 100—2 = 98 = 98 cis 0. Thus, the answer

1598+%=.

2. Kiara has N > 100 marbles. She wants to portion out the marbles into some bags with the same
number of marbles in each bag. If she tries to put 3 marbles in each bag, there is 1 left over. If she
tries to put 5 marbles in each bag, there are 2 left over. If she tries to put 7 marbles in each bag, there
are 3 left over. The value of N is composite and minimal for the above properties. Kiara tries to put

11 marbles in each bag. How many marbles are left over?
Answer: @

Solution: This problem generate the following system of modular congruences:

N (mod 3) =1
N (mod 5) =2
N (mod 7) =3

By the Chinese Remainder Theorem, N = 7(5(3k + 1) + 2) + 3 = 105k + 52 for some integer k, so
N (mod 105) = 52. Since 105 -0+ 52 < 100 and 105 - 1 + 52 = 157 is prime, N = 105 - 2 4+ 52 = 262.
Finally, 262 (mod 11) =[9].
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3. A circle of radius 4 is stacked on top of a circle of radius 8 such that they A
are externally tangent, then an isosceles triangle is circumscribed around both e
circles, as shown. The area of the region inside the triangle but outside the *

circles can be expressed as avb + cr, where b is not a multiple of a square

8
number, and a, b, and ¢ are integers. Find a + b + c.
Answer:
Solution: The diagram to the right is constructed as follows: A
Drop a perpendicular from A to side BC and label the intersection D. Segment
AD must pass through P and @, the centers of the two circles, since ABC' is

M

isosceles. Next, drop perpendiculars from P and () to side AC and label the P
intersections M and N, respectively. Finally, drop a perpendicular from P to
segment QN and label the intersection R. QR N
Segment P(Q consists of one radius from each circle, for a length of 4 + 8 = 12. B D C

Because PM NR is a rectangle, and PM = RN =4, QR =8 -4 =4.
Using the Pythagorean Theorem, PR = /122 — 42 = 8/2.

Since AAPM = APQR, we have AP =12 and AD =12+ 124 8 = 32.

2 4
Since APQR ~ NACD), we have 8?:2[ =D — DC =8V2.

Thus, the area of AABC is AD - DC = 32 - 8/2 = 2561/2.

The area of the circles is 427 + 827 = 80, thus the desired area is 2561/2 — 80,
and the answer is 256 + 2 — 80 = .

4. Let f(z) =22* — 2% — 322 + 2 + 1 and g(z) be the polynomial with integer coefficients, leading term
162*, and roots that are half the reciprocals of the roots of f(z). What is the coefficient of the 3 term
of g(x)?

Answer:

Solution: After factoring, we have f(x) = (z — 1)?(x + 1)(2x + 1). Changing each root to half its
reciprocal gives (2z — 1)2(2x + 1)(z + 1), and expanding gives 8z* + 42% — 622 — 2 + 1. To get the
leading coefficient of 16, we multiply the polynomial by 2, which makes the coefficient of the z3 term

4-2=8]
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5. There are 10 marbles in a paper bag, all of which are either red, green, blue, or yellow. You randomly
guess how many of each color of marble is in the bag, always guessing numbers that total to 10. The
probability that you guess correctly can be expressed as a ratio of two relatively prime positive integers,

%. What is a + b?

Answer:

Solution: We can count how many ways to partition 10 marbles into four colors using stars and bars.
There are 10 marbles and 3 dividers, for a total of 13 slots to place 3 dividers. There are (133) = 286

possible partitions. Thus, the probability of you guessing the correct partition is 286 and the answer

is 1+ 286 =[287].

6. For some integer N, it is known that N + 83 and N — 61 are non-negative square numbers. How many

possible values of N exist?

Answer:

Solution: For non-negative integers a and b, we have that N + 83 = a? and N — 61 = b?. Thus,
N+83—(N—-61)=a?>—-b* = 144 = (a —b)(a +b).

If (a—0b) is odd, then for some non-negative integer k, a—b = 2k+1 = a+b = 2b+2k+1 = 2(b+k)+1
and thus (a + b) is odd. However, 144 is even, so at least one of its factors in each of its factor pairs
must be even, so this case does not work.

If (a — b) is even, then for some non-negative integer k, a —b =2k — a+b=2b+ 2k =2(b+ k)
and thus (a + b) is even.

The number 144 has the following factor pairs: (1,144), (2,72), (3,48), (4,36), (6,24), (8,18), (9,16),
(12,12). Of these, only (2,72), (4,36), (6,24), (8,18), and (12,12) contain only even factors.

Each of these 5 factor pairs produces a unique set of values for a and b, and also a unique value for IV,
so there are possible values of N.

7. Find the least positive integer n such that n3 — n has at least 5 distinct prime factors.

Answer:

Solution: We can factor n®—n into n(n—1)(n+1). Thus, we are looking for three consecutive integers
that, when multiplied, contain 5 distinct prime factors. In order for this to happen, two must have
more than one prime factor, or one must have more than 2 prime factors. The first couple of numbers
with more than one prime factor are: 2-3 =6, 2-5=10,22.-3 =12,2-7 =14, and 3-5 = 15. We need
to select a set of three consecutive integers where the two 2-prime-factor integers contain 4 distinct
prime factors, and {13, 14, 15} is the first such set. Checking these integers, 13-14-15=2-3-5.7-13,
which indeed has 5 distinct prime factors. Thus, the answer is n = .
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8. Two circles intersect at points A and B. The tangents to these circles at point A intersect the circles
again at points C' and D. Given that AC =4, BD =9, and AD = 6, find the length of segment BC.

Answer:

Solution: To begin, we draw two diagrams (one for each possible placement of circle centers relative

to the intersection points), where O; and O are the circle centers.

D
A

N

We begin by examining the diagram on the left.

Notice that since AABC and ADBA are inscribed, that AAO1B, ABOC, ANCO1D, ADO>B,
ABOsA, and ANAQOsD are isosceles triangles.

Let m£Z0O1AB = o, mZBAQOs = 3, and mZ0O2AD = ~. Since O1A L AD, we have that a+ 5+~ = 90°.
But, O2A 1 AC as well, so a+ 8+ mZCAO; = 90° = mLCAO; = 7.

By isosceles triangles, we have m/0O1AB = m/ABO; = o, m/OsBA = m/BAOs; = (3, and
mZO1CA =mLCAO; = mLOsAD = m/ZADQOy = 7.

Now, let mZBCO1 = mZ0O1BC = x and mZDB0Oy = mZ0OsDB = y.

Then, 2a + 2v + 2z = 180° and 28 + 2y + 2y = 180°, but since a + 5 + v = 90°, we know z = 8 and
Y =aq.

Thus, AABC ~ ADBA because they share all angles.

The only difference in the diagram on the right is that § — a4+~ = 90° (although this separate case is
avoided if we employ signed angles), and we can similarly conclude AABC ~ ADBA.
So, no matter how the circles are placed, it is always true that AABC ~ ADBA.

, BC  AC AB  AC ACN?
NOW, since AABC ~ ADBA, we have E = E and E = E, and thus BC = BD (/LD) =
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9. An integer n leaves the same remainder when divided by exactly three of the integers in the set

10.

{11,12,---,20}, but is divisible by none of them. Determine the smallest possible value of n.
Answer:

Solution: Notice here that we first want to find integers that are divisible by exactly three of the
integers in this list, and then to figure out whether any numbers immediately afterwards aren’t divisible
by them. Say this is m. Notice that we’d want m to be least common multiple of at least 3 of these

numbers.

We claim that m = 60 is our smallest, with as our answer. We will show that this is the case. The

numbers here are 12,15, 20.

To see this, suppose that there is some collection of numbers with a smaller least common multiple.

We claim that, in fact, this is the smallest least common multiple among any three numbers.

First, notice that none of our three numbers can contain 11,13,17,19, as these will result in our
number being too large (we’ll need to multiply two of these numbers together to get a number larger
than 100 for our least common multiple). We are then left with considering three numbers among
12,14, 15, 16, 18, 20.

Suppose that we have 16; then to get our least common multiple, we either need to multiply this by
5,7, or 9, which is too large. Hence, we ignore 16, and we’re left with 12, 14, 15, 18, 20. Furthermore, if

we take 18, either we have a multiple of 5 or 7; again this is too large.

We now have 12, 14, 15, 20, upon which we see we must have a multiple of 5. We finally get the smallest
is 60, which we found before, as desired, yielding n = .

Suppose 1657 4 165" — 10. Evaluate 2 cos 4x.

Answer:

Solution: Multiply both sides by 165 o get
16$in2 z+4-cos? x + 16(:0s2 x+cos? x — 10 . 160082 x

16 + (1(5‘“’52%)2 —10- 1657,

Let u = 16"052"5, and we have 16 + u? = 10u, and the solutions are v = 2, 8. Thus,

cos? ! 0 5
r=-or—
4 4’
1
cos 2z = 2cos’(x) — 1 = ii’
1
cosdx = 2cos*(2z) — 1 = —5

Thus, 2cosdx = .



