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1. Find the tens digit of 114%,
Answer: @

496 496 496 496
Solution: 1146 = (10 + 1)%¢ = ( 0 )10496 + < . >10495 + ot <495>101 + (496> 10°. Since

each term before the last two has a power of ten greater than 1, only the sum of last two terms will

4 4
affect the tens place. Thus, since (432) 10! + <432> 10° = 496 - 10 + 1 = 4961, the tens digit of the

expression is |6 |

2. A caterpillar is crawling down Rochester’s main street. Crawling through the first block takes 500
minutes, and each subsequent block takes g of the time of the previous block. After the caterpillar
crawls through the first block, it encounters its first intersection with a stoplight. If there is a stoplight
between each block, how many stoplights does the caterpillar pass by after one day (assume that a

negligible amount of time is spent crossing intersections)?

Answer:

Solution: The total time taken for the caterpillar to crawl n blocks is given by the sum of the first n

1— ()"
terms of the geometric sequence 500, 400, 320, - - -, or 500 - #
5

. . . 1— ()" A" 53

Since one day is 1440 minutes, we have 500 - ——=— = 1440 — 5 =1
5
A\* 64 _ 53 A" 256 53

; Z) = = 5 22 ) === « = k 4, thus th

Since <5) o5 > 15 and <5> 695 < o5 we know n must be between 3 and 4, thus the

caterpillar will have finished 3 full blocks and passed stoplights.

3. Ben is on tour in the U.S. Bank Stadium. The football field is 100 yards wide and 160 feet long. Jenny,
his younger sister, decides to the walk the perimeter of the field. Ben walks from one corner to the

opposite corner. How many less feet does Ben walk?

Answer:

Solution: The perimeter is 2(3 - 100 + 160) = 920 feet.
The length of the diagonal is v/3002 + 1602 = 340 feet (8-15-17 triangle).
Ben walks 920 — 340 = feet less.
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4. There are 16 pieces of fudge in a basket. Of these pieces of fudge, 3 are red, 2 are blue, 4 are white, 3
are purple, and 4 are green. Three pieces are drawn, one by one, without replacement. The probability
that only red, white, or blue pieces are drawn can be expressed as a ratio of two relatively prime

positive integers, %. Find a + 0.

Answer:

Solution: There are 3 + 2 + 4 = 9 red/blue/white pieces, and 7 other pieces. Thus, the probability is
9 8 7 3 .
6 15 14 207 and the answer 1S3+20—.

5. How many trailing zeros does (2021!)?? have?

Answer:

Solution: First, we count the trailing zeros in 2021!, which is equivalent to finding the largest power
of 10 that is a factor of 2021!. In the prime factorization of 2021!, there is a higher power of 2 than
of 5, since every other number is a multiple of 2, but only every 5 numbers are a multiple of 5. Thus,

the highest power of 10 is equivalent to the power of 5 in the prime factorization:

2021 2021 2021 2021
— | =404 1 = .
22 P+ T |+ | | 101 s0+ 165 =503

Now we know 2021! = N - 1059 for some integer N that is not a multiple of 10. Then, (2021!)?? =
N22.10%9322 and thus it has 503 - 22 = 110066 trailing zeros.

6. Ethan and Hans are working together to paint a classroom at the Rochester Math Club. If Ethan
works alone, he can complete the job in 24 hours. If Hans works alone, he can complete the job in
half the time. First, Ethan paints one-quarter of the room. Then, Hans and Ethan work together to

complete the rest. How many hours does it take for them to finish painting the room?

Answer:

Solution: Ethan will take 6 hours to paint one-quarter of the room. When they work together, Ethan

1
finishes 2 of the room in an hour, and Hans finished Tz of the room in an hour, so together they
1
can finish 21 + 2 =38 of the room in an hour. So, it takes them 8 hours to finish a whole room

3
together, and thus 1 8 = 6 hours to finish 1 of the room together. In total, it will take Hans and
Ethan 6 46 = hours to finish painting the room.
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7. The diagonals of trapezoid ABCD (where BC' || AD) intersect at point O. The areas of triangle BOC
and AOD are 8 and 18, respectively. Find the area of the trapezoid.

Answer:

Solution: Since BC' || AD, we know [AABD] = [AACD] since they have the same height and share
side AD. Thus, [ANAOB] + [AAOD] = [AABD] = [AACD] = [ACOD] + [AAOD] = [AAOB]| =
[ACOD,.

Since AAOB shares side BO with ABOC and AAOD shares side DO with ACOD, we know that
{iggﬁ = % = % — [AAOBJ|[ACOD] = [ABOC|[AAOD].

Thus, [AAOB|[ACOD] =8-18 = [AAOB] = [ACOD] = 12, and the total area of the trapezoid

is 8 + 18 + 12+ 12 =[50].

8. Find the remainder when 1+ 7 4+ 72 4+ 73 4+ - .. 4+ 72921 i5 divided by 50.
Answer: E

Solution: Notice that, since 2021 (mod 3) = 2

L+ 7+ 7P+ 7P+ P2 =14 74 P+ T+ T2 L+ T+ T2 +7) )
=84+ 49(8 +49(--- (8 +49(8))---)).

Starting from the innermost parentheses and working outwards,

8 = 8 (mod 50),

8 +49(8) =50 -8 = 0 (mod 50),

8 + 49(8 + 49(8)) = 8 + 49(0) = 8 (mod 50),

8+ 49(8 + 49(8 + 49(8))) = 8 + 49(8) = 50 - 8 = 0 (mod 50)

So, the remainder alternates between 8 and 0 with each nested parentheses. Then, (2021 —2)+3 = 673,
which is odd, so the final expansion will yield as a remainder when divided by 50.
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9.

10.

Find the least positive integer n such that n® —n has at least 5 distinct prime factors.

Answer:

Solution: We can factor n®—n into n(n—1)(n+1). Thus, we are looking for three consecutive integers
that, when multiplied, contain 5 distinct prime factors. In order for this to happen, two must have
more than one prime factor, or one must have more than 2 prime factors. The first couple of numbers
with more than one prime factor are: 2-3=6,2-5=10,22-3=12,2-7 =14, and 3-5 = 15. We need
to select a set of three consecutive integers where the two 2-prime-factor integers contain 4 distinct
prime factors, and {13, 14, 15} is the first such set. Checking these integers, 13-14-15=2-3-5-7-13,
which indeed has 5 distinct prime factors. Thus, the answer is n = .

The Spirit Bus Company bought some aging busses to use for their transportation. For these buses,
every hour that passes, there is a 20% chance that its engine fails, causing a 20-minute delay. Normally,
if the engine doesn’t fail, a bus ride from New Orleans to Rochester takes 15 hours. What is the expected

ride time, in minutes, of this route with an old bus?

Answer: m

Solution: For each of the 15 hours, there is a 20% chance of adding 20 minutes to the ride, and a
80% chance of adding 0 minutes to the ride. Thus, we expect to add 15 - 0.2 - 20 = 60 minutes to the

ride time. Combining this with the initial 15 hours, or 900 minutes, we get a expected ride time of

900 + 60 = minutes.



