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1. Let N be a subset of {1, 2, 3, · · · , 100} such that no two elements of N sum to an integer that is divisible

by 9. What is the maximum number of elements of N?

Answer: 46

Solution: There cannot exist two numbers a, b in the set such that a+ b (mod 9) ≡ 0 (mod 9). Thus,

N cannot contain any of the following pairs, mod 9: (0, 0), (1, 8), (2, 7), (3, 6), (4, 5).

Looking at the pair (0, 0), we realize that there can only be one multiple of 9 in N . To maximize the

number of elements, we can include (mod 9) 1 element with remainder 0, 12 elements with remainder

1, 11 elements with remainder 2, 11 elements with remainder 3, and 11 elements with remainder 4.

This yields a total of 1 + 12 + 11 + 11 + 11 = 46 elements.

2. Six RMC counselors are standing around a volleyball court. Each counselor is either on the Red Team,

Blue Team, or sitting on the bench. Given that each team has at least one member, how many possible

ways are there to make teams?

Answer: 602

Solution: Each counselor can choose to either play for the Red Team, the Blue Team, or sit on

the bench. Without considering the minimum team size, there are 36 = 729 ways to place all of the

counselors in one of the three locations.

However, among these 729 possibilities, there are 26 = 64 cases where the Red Team has no members

as each counselor could either play for the Blue Team or sit on the bench. Similarly, there are 64 cases

in which the Blue Team is empty.

Subtracting, we have 729 − 64 · 2 = 601. However, this counts the case where both teams are empty

twice, so we must add 1 back, for a final total of 602 ways.

3. There are 16 tennis players on the Century High School team, each with their own unique racket.

Suppose the coach were to take each of the players’ rackets and randomly return one racket to each

player. How many players do we expect to receive their own racket back?

Answer: 1

Solution: Let Xi be a variable only having two values for each player: 0 when getting back a different

racket, or 1 when getting back their own racket. Therefore, the expected value of Xi is E[Xi] =

0· 1516+1· 1
16 = 1

16 . Because expectation is linear, then the total expected value ofX = X1+X2+· · ·+X16

is E[X] =
∑

iE[Xi] = 16 · 1
16 = 1.
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4. When written in base 27, the number N ! terminates in 23 zeros. What is the smallest such possible

value of N , expressed in base 10?

Answer: 144

Solution: Since 27 = 33, using Legendre’s formula for the largest power of 3 that divides N !, we

desire the smallest N where
⌊
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+
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+
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27

⌋
+ · · ·+

⌊
N
3i

⌋)⌋
= 23. Rewriting this equation, we

get that 69 ≤
⌊
N
3

⌋
+

⌊
N
9

⌋
+

⌊
N
27

⌋
+ · · · +

⌊
N
3i

⌋
< 72. The highest power of 3 that divides 143! is 368,

but 370 divides 144!, so N = 144.

5. Find the integer value of
√
20 · 21 · 22 · 23 + 1

Answer: 461

Solution: First, we multiply 20 · 23 and 21 · 22. This yields
√
460 ∗ 462 + 1. Note that (x + 1)2 =

x(x+ 2) + 1, thus
√
460 ∗ 462 + 1 =

√
(460 + 1)2 = 461.

6. Matthew and Dan flip a fair coin repeatedly heads or tails until one of them wins. Matthew wins once

the coin lands two consecutive heads. Dan wins if the coin lands tails followed consecutively by heads.

Let p be the probability Matthew wins and q be the probability Dan wins. If pq = a
b for relatively

prime positive integers a and b, find a+ b.

Answer: 19

Solution: Note that once the coin flips tails, Dan must eventually win. Indeed, if a heads ever appears

after a tail has been flipped, at some point there must be a tails followed by a consecutive heads. In

other words, Matthew only wins if the coin flips two heads consecutively at the start. Therefore,

p = 1
2

2
= 1

4 and consequently q = 3
4 . Thus pq = 3

16 , and the desired answer is 3 + 16 = 19.

7. Equilateral triangle ABC is inscribed in circle O. Point D is on minor arc AB such that AD = 6 and

BD = 10. Find the length of segment DC.

Answer: 16

Solution: As ABC is equilateral we know ∠ACB = 60◦. Since quadrilateral ADBC is cyclic, we have

∠ADB = 180◦−∠ACB = 120◦. Now, by Law of Cosines, AB2 = AD2+BD2−2AB ·BD ·cos(120◦) =
36 + 100 + 60 = 196. So, we know that AB = 14.

We also have AC = BC = 14 as ABC is equilateral. Now, by Ptomely’s Theorem, we have DC ·AB =

AD ·BC +AC ·BC, which gives DC · 14 = 6 · 14 + 10 · 14. Thus, DC = 16.
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8. The value of 17! is 3556874280AB000, where A and B are digits. Find the two-digit number AB.

Answer: 96

Solution: Since 17! is divisible by 9, the sum of its digits, 48 +A+B, must be a multiple of 9.

Since 17! is also divisible by 11, 3− 5 + 5− 6 + 8− 7 + 4− 2 + 8− 0 +A−B = 8 +A−B must be a

multiple of 11.

Thus, A+B is congruent to 6 mod 9, and A−B is congruent to 3 mod 11. Since A and B are digits,

A + B can be no greater than 18, and A − B can be no greater than 9; A + B equals either 6 or 15,

and A−B = 3.

The system doesn’t give integer solutions for A+B = 6, but it gives A = 9 and B = 6 when A+B =

15. Thus, the desired two-digit number is 96.

9. The total sum of the volume, surface area, and edges of a box with integer side lengths is 332. If the

longest distance between any two points in the box can be expressed as
√
n, find n.

Answer: 238

Solution: Let the box have positive integer side lengths a, b, c. Then,

abc+ 2(ab+ bc+ ca) + 4(a+ b+ c) = (a+ 2)(b+ 2)(c+ 2)− 8 = 332.

The factorization of 340 is 22 ·5 ·17, and since a+2, b+2, c+2 > 2, then the only possible factorization

is a+2 = 4, b+2 = 5, c+2 = 17, or some permutation. Therefore, the box has dimensions 2× 3× 15,

so the space diagonal is
√
22 + 32 + 152 =

√
238, and n = 238.

10. Let n = 220 · 323. How many factors of n2 are less than n but not a factor of n?

Answer: 460

Solution: Note that n2 = 240 · 346, which has 41 · 47 = 1927 factors. Excluding n itself, we have 1926

proper factors of n2. Exactly half of these factors are greater than n and half less than n, so we have

1926÷2 = 963 factors of n2 that are less than n. Since all factors of n are also factors of n2, all proper

factors of n are included in the count of factors of n2 less than n. There are 21 · 24 = 504 factors of n,

so we subtract 1 to get 503 proper factors of n. Therefore, we have 963− 503 = 460 factors of n2 that

are less than n but not a factor of n.
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11. The real solutions to the equation 4x4 + 4 = 31x3 + 31x are of the form a±
√
b. Find a+ b.

Answer: 19

Solution: Dividing both sides of the given equation by x2 gives 4x2 + 4
x2 = 31x + 31

x . Now, let

y = x + 1
x . Note that y2 − 2 = (x + 1

x)
2 − 2 = x2 + 1

x2 . So, substituting gives 4(y2 − 2) = 31y. Now,

rearranging gives 4y2 − 31y − 8 = 0, which factors into (4y + 1)(y − 8) = 0. So, we have y = −1
4 and

y = 8 as our solutions.

Now, the equation x+ 1
x = −1

4 rearranges into x2+ 1
4x+1 = 0, which has no real solutions. Meanwhile,

the equation x+ 1
x = 8 rearranges into x2 − 8x+ 1 = 0, which has the roots 4±

√
15. So, our answer

is 4 + 15 = 19.

12. If (cos 1◦)(cos 3◦)(cos 5◦) · · · (cos 87◦)(cos 89◦) = 2n, compute 2n.

Answer: -89

Solution: We have:

(cos 1◦)(cos 3◦)(cos 5◦) · · · (cos 87◦)(cos 89◦) = (cos 1◦)(cos 2◦)(cos 3◦) · · · (cos 88◦)(cos 89◦)
(cos 2◦)(cos 4◦)(cos 6◦) · · · (cos 86◦)(cos 88◦)

,

=
(cos 1◦ cos 89◦)(cos 2◦ cos 88◦) · · · (cos 44◦ cos 46◦) cos 45◦

(cos 2◦)(cos 4◦)(cos 6◦) · · · (cos 86◦)(cos 88◦)
,

=
(cos 1◦ sin 1◦)(cos 2◦ sin 2◦) · · · (cos 44◦ sin 44◦)
(sin 88◦)(sin 86◦)(sin 85◦) · · · (sin 4◦)(sin 2◦)

√
2
,

=
(12 sin 2

◦)(12 sin 4
◦) · · · (12 sin 88

◦)

(sin 88◦)(sin 86◦)(sin 85◦) · · · (sin 4◦)(sin 2◦)
√
2
,

=
1

244
√
2
,

= 2−44.5.

Thus, n = −44.5 =⇒ 2n = −90.
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13. Let Fn denote the n-th Fibonacci number (F1 = 1, F2 = 1, F3 = 2, · · · ), and let

S =
∞∑
n=1

Fn

2n
=

F1

21
+

F2

22
+

F3

23
+ · · · .

Find 1000S.

Answer: 2000

Solution: Note that S =

∞∑
n=1

Fn

2n
=⇒ S

2
=

∞∑
n=1

Fn

2n+1
and 2S =

∞∑
n=1

Fn

2n−1
. Now,

S +
S

2
=

F1

21
+

∞∑
n=2

Fn + Fn−1

2n
,

3

2
S =

F1

2
+

∞∑
n=2

Fn+1

2n
,

3

2
S =

1

2
+

∞∑
n=3

Fn

2n−1
,

3

2
S =

1

2
+

[
2S − F1

20
− F2

21

]
,

3

2
S =

1

2
+ 2S − 1− 1

2
,

−1

2
S = −1,

S = 2.

Thus, 1000S = 2000.
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14. Suppose that

S =
1012∑
n=1

(2n− 1)2 · (2025− 2n) ·
(

2024

2n− 1

)
.

What is the largest value of k such that
S

2k
is an integer?

Answer: 2026

Solution: Note that the term 2n − 1 is written in this counting problem multiple times. Writing

everything terms of 2n− 1, we find that our summation is equivalent to

1012∑
n=1

(2n− 1)2 · (2024− (2n− 1)) ·
(

2024

2n− 1

)
This means that we are effectively summing up all terms in the form

k2 · (2024− k) ·
(
2024

k

)
Where k is an odd number between 1 and 2023. The solution to this equation is equal to the result

that you would get from solving the following counting problem: Out of 2024 people, pick an odd

number of them to be in a select group. Assign president and treasurer to two not necessarily different

people in the group. Then select one person not in the group to be dictator.

A different way to count this set of people would be to first assign president, treasurer, and dictator

to people in the group, and then multiply that by the number of ways the rest of the people can be

assigned in and out of the group. Let’s divide this into two cases.

Case 1: The president and the treasurer are the same person.

We can select one out of 2024 people to be the treasurer and the president. We can then select one

out of the remaining 2023 people to be the dictator. Note that the president/treasurer must be in the

group and the dictator must not be in the group.There are now 2022 people remaining to be assigned

to groups. We can choose for any of the first 2021 people to either be in the group or not in the group,

which gives us 22021 possibilities. Based on the parity of the number of people assigned to the group,

for the group to have an odd number of people, the last person will be forced to either be in the group

or not in the group, so there are 2023 · 2024 · 22021 possibilities total.

Case 2: The president and the treasurer are not the same person.

We can select one out of 2024 people to be the president. We can then select one out of the remaining

2023 people to be the treasurer. Finally, we select one out of the remaining 2022 people to be the

dictator. There are now 2021 people remaining to be assigned to groups, so using the same reasoning

as the previous case, there are 22020 ways to assign the remaining people to be or not to be in the

group. This gives a total of 2022 · 2023 · 2024 · 22020 possibilities.
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This means that

S = 2023 · 2024 · 22021 + 2022 · 2023 · 2024 · 22020

= 2023 · 2024 · 22020 · (2 + 2022)

= 2023 · 2024 · 22020 · 2024

= 2023 · 23 · 253 · 22020 · 23 · 253

= 22026 · 2023 · 253 · 253

So the largest integral value of k such that S
2k

is an integer is 2026.

15. For positive real numbers a, b, c,

11 =
√

a2 − ab+ b2,

22 =
√

a2 − ac+ c2,

33 =
√

b2 + bc+ c2.

If bc =
m

n
for relatively prime positive integers m and n, find m+ n.

Answer: 2185

Solution:

A

BC

a
b c

11 D 22

60◦

The key observation is that configuring the diagram above yields the given system of equations by

applying the Law of Cosines on △ACD, △ABD, and △ABC.

By the Angle Bisector Theorem,
b

c
=

CD

DB
=

1

2
=⇒ c = 2b.

Solving the third equation by substitution gives b =
33√
7
, c =

66√
7
. Hence, bc =

2178

7
, and m+n = 2185.


