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1. Perry’s family has 5 people in total. In a room, there are 11 red socks, 9 yellow socks, 7 orange socks,
5 green socks, 3 blue socks, and 1 purple sock. Each can be worn on either foot. What is the minimum
number of socks that Perry must draw such that it is guaranteed that the family can all wear the same

combination of not-necessarily matching socks?

Answer:

Solution: Perry must either draw 5 socks each of two different colors or 10 socks of the same color.
After drawing 3 blue socks, 1 purple sock, and 4 socks each of the colors red, yellow, orange, and green,
Perry must draw a 5th sock of a color. Then, Perry can draw at most 4 more socks of that color before
being either forced to draw a 10th sock of the same color or a 5th sock of a second color. So, our

answer is 26.

2. The roots of the equation x° + 722* + Ax3 4+ Ba® + C2% + Dz + E = 0 form a geometric progression.

The sum of their reciprocals is 8. Find the value of |E]|.

Answer:

2 since we have a geometric progression. The

Solution: Let the roots be represented as -5, #, a, ar, ar
sum of roots can then be expressed as a(%2 + % +1+7+72) =72. We are also given that the sum of
reciprocals of roots is %(%2 + 2 +1+7+7%) =8. Therefore, a> =9 => a = +3. Because E is the

negative product of roots, we get E = —a’ = £243, so |E| = 243.

3. Circles P and @ have diameters AB and CD, respectively, and they share a common tangent AD.
Circle M is constructed, concentric to circle P, to pass through point D. Circle N is constructed,
concentric to circle @, to pass through point A. Given that AB = 4C D, the positive difference in area
between circles M and N can be expressed as an integer multiple, k, of the area of circle Q. Find the

value of k.

Answer:

Solution: Consider a right triangle constructed within an annulus, as shown.

One leg is a radius of the smaller circle, the other is tangent to it, and the
hypotenuse is a radius of the larger circle. r
The area of the annulus is 7R? — mr? = wd?, and depends only on the length of

the tangent chord to the inner circle (half the length, to be specific).

In particular, M —P = N—Q = nAD?. So, M—N =P —Q, and k = % = 5—1 = ;;ggz —1=15.
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4. Consider trapezoid ABCD with AB || CD and ZBAD = ZADC = 90°. Let AB =3, CD = 6, and
AD = 8, and consider a point E on AD such that BE + CE is minimized. If vk = BE + CE, find k.

Answer:

Solution: Reflect C' over AD to get point C’. Note that DC’ = 6 and the minimal value of BE +CFE
is equal to BC'. Then, by Pythagorean Theorem we have BE + CE = BC' = /82 + 92 = /145, and
k = 145.

5. There is a function f(x) that is defined for all non-negative integers z. If f(x+y) = f(x)+f(y)—2f(zy),
and f(1) = —1, then what is the value of f(162)?

Answer: @

Solution: Setting y = 1, we have that f(z +1) = f(z) + f(1) — 2f(x) = —f(x) — 1. Thus,
f2)=—-(-1)—-1=0, f3) = —(0) =1 = —1, f(4) =0, f(5) = —1, and so forth. The pattern

continues alternating between 0 and —1 for even and odd z, respectively. Therefore, f(162) = 0.

For sake or rigor, we can use strong induction to prove that this pattern continues:

Let x = y = 1, then f(2) = f(1) + f(1) —2f(1) = 0. Assume that f(n) = 0 for all even n where
0 <=n <=2k, and f(n) =1 for all odd n where 1 <=n <= 2k — 1 for some positive integer k.

Then f(2k + 1) = f(1) + f(2k) — 2f(2k) = f(1), and f(2k +2) = f(1) + f(2k +1) = 2f(2k + 1) =
F() + F1) —2£(1) = 0.

6. Compute ab, if @ and b are positive integers satisfying:

ged(a?, %) + ged(a,b) —2 =0,
lem(a?, b) + lem(a, b%) — 228 = 0.

Answer:

Solution: Note that we may rewrite and factor the first equation as
ged(a, b)? + ged(a, b) — 2 = (ged(a, b) — 1)(ged(a, b)? + ged(a, b) +2) =0

Therefore, ged(a,b) = 1 and a, b are relatively prime. Therefore, lem(a?, b) = a?b and lem(a, b%) = ab?,
so ab + ab® = ab(a + b?) = 228 = 22 .3 19.

Note that for size reasons b < 6. Therefore, b = 6,4,3,2,1 are the only possibilities. Of these, to

ensure a is relatively prime to b, the only valid pair is (a,b) = (3,4). Therefore, ab = 12.
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7. A triangular bipyramid is folded from the net shown, where each face is

10.

an isosceles right triangle with unit-length legs. The radius of the largest

sphere that can fit inside can be expressed as a ratio of relatively prime

positive integers, 3. Find a + b.

Answer:

Solution: Consider placing the bipyramid in 3D space such that 3 of the 6 faces lie on the xy-, yz-,
and xz-planes. Note that the center of the bipyramid must then lie on the plane x 4+ y + z = 3 and on

the line x = y = z, therefore it is located at (%, %, %) Thus, the radius is é anda+b=1+3=4.

. For how many 4-digit integers does the sum of two of its digits equal the sum of the other two digits?

Answer:

Solution: Call each 4-digit number abed. First we pick the two pairs of digits to have equal sum; there
are 3 ways to do this. The common sum ranges from 1 to 18 inclusive. If the sum is 1, there is one way
to pick the pair of numbers that includes a, and there are two ways for the other pair. Repeating this
until the sum of 18, there is a total of 3(1-2+2-343-44+---4+9-10+9-9+4+8-8+---+1-1) = 1845

numbers. However, numbers of the form aaaa, aabb, abab, and abba are overcounted. There are two

ways to form an equal sum for each of these latter three cases, so we subtract 3-81. When the number
is of the form @aaa, we subtract 2 - 9. Therefore, our final count is 1845 — 3 -81 — 2 -9 = 1584.

. In a 30-60-90 right triangle, the length of the hypotenuse is 4. Let d be the distance from the vertex

of the right angle to the point of intersection of the angle bisectors. The value d? can be expressed as

a + by/c where a, b, and ¢ are integers and ¢ has no square factors other than 1. Find a + b+ c.

Answer:

Solution: The area of the triangle has the formula A = sr, where s is the semiperimeter and r is the

inradius. Substituting known values for A and s, we find that 3 - 2-2v/3 = (4 + 2 4+ 2v/3)r, and so

_ 43 23 _ 6V3-6 _ _
T 6+2v3  3+/3 6 =v3-1.

The vertex of the right angle, the incenter, and the points of tangency on the incircle form a square.

So,d=+/2r,and d®> =2r? =2(3 -2V/3+1) =8 —4/3. Thus,a+b+c=8+(—4)+3="1.

2

a, _

A sequence of real numbers with ag = 1 and a; = 5 is defined by the recursion a, = — L4 B5an,_1.
anp—2

Find the number of tailing Os that a9 has.

Answer:

2
Solution: We first rearrange a,, = Z::; +5a,—1 to a:—’_‘l = Z:—:; +5. Since g—é =5, we know ﬁ = 5n.

Thus, a,, = 5"n!. So, we simply need the number of tailing 0s of 5!212!. By Legendre’s formula there
are | 2| = 2 factors of 5 in 12! and [ 2] + 12|+ |22] =6+ 3+ 1 = 10 factors of 2 in 12!. So, in total
51212! has 14 factors of 5 and 10 factors of 2 and there are 10 trailing Os.



