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1. Let z + % = 4. What is the value of 2% + 9714?

Answer:

Solution: Squaring both sides of the initial equation yields x? 4 2 + ;12 =16 = 22+ 2%2 = 14.
Squaring again yields z* + 2 + %4 =196 = 2% + %4 = 194.

2. Jerry mixes a 20-ounce drink, originally comprised of 44% eggnog, 20% water, 10% lemonade, and
26% milk, by weight. If he adds 5 more ounces of water to his drink, what percent of the new drink is

water?
Answer:

Solution: The original 20-ounce drink is 20% water, for a total of 20% - 20 = 4 ounces of water.
After adding 5 more ounces of water, the now 25-ounce drink will have 9 ounces of water, making it
o = 36% water.

3. Owen needs to purchase exactly 24 apples. The store only sells apples in packs of 1, 5, or 10. The
1-pack costs $1.35, the 5-pack costs $6.25, and the 10-pack costs $13.30. How many packs of apples

should Owen purchase if he wants to spend the least amount of money?

Answer: E
Solution: The unit cost is $1.35 for the 1-pack, $1.25 for the 5-pack, and $1.33 for the 10-pack. The

5-pack has the lowest unit cost. Thus, Owen should buy as many 5-packs as possible (4 is maximum)

and the rest should be 1-packs (24 — 20 = 4 remaining), for a total of 8 packs.

4. A cat has 8 bowls of water, arranged in a line. While at home alone, it caught 4 distinct mice. Before
the owners get home, the cat wants to place each mouse into its own bowl of water. How many ways

can the cat place the four mice if it doesn’t place mice in adjacent bowls?

Answer:

Solution: There are 5 ways to choose 4 non-adjacent bowls to place the mice in. [1, 3, 5, 7], [2, 4, 6,
8], [1, 4, 6, 8], [1, 3, 6, 8], and [1, 3, 5, 8]. Because each mouse is distinct, there are 4! ways to place

them in the 4 chosen bowls. In total, there are 5 - 4! = 120 such placements.

5. How many positive integer factors does the number 1260 have?
Answer:

Solution: The prime factorization of 1260 is 2% - 32 - 5' . 71. For each distinct prime factor, we can
multiply as many copies as its power in the factorization together to yield a factor of 1260 (for example,
20.32.50.71 = 63 is a factor). Thus, there are (2+1)(2+1)(1+1)(1+41) = 36 positive integer factors.
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6. The Rochester Math Festival is hosted on the second Saturday in September of every year. RMF 2099
will occur on the date 9/X/99. Find X.

Answer:

Solution: You took the exam today, 9/9/23. We can first find the day of the week of 9/9/99, since
the second Saturday must be between 9/8 and 9/14. We note that 99 — 23 = 76 years elapse, 19 of
which are leap years (those divisible by 4). The number of days elapsed, modulo 7 is:

366(19) + 365(57) = 2(19) + 1(57) (mod 7)
=2(5)+ 1(1) (mod 7)
=11=4 (mod 7).

This means September 9th, 2099 will land four days after Saturday, which is Wednesday. RMF 2099
will occur three days later on September 12th (9/12/99).

7. Alex is taking a 5-question true-false math test and decides to randomly guess. He has a 50% chance
of guessing any particular question correctly. The probability that Alex gets at least 4 questions right

can be expressed as a ratio of relatively prime positive integers, 7. Find a + b.

Answer:

Solution: There are (i) = 5 different ways for Alex to get exactly 4 questions right, and (g) =1 way
for him to get all 5 questions right. Each of these possibilities has probability (%)5 = 3% The desired
3

probability is 6 - 3—12 = 15, and the correct answer is 3 + 16 = 19.

8. If Andrew can eat a plate of pasta every 6 minutes and Willy can eat a plate of pasta in 3 minutes,

how many minutes would it take Andrew and Willy to eat one plate of pasta together?

Answer:

Solution: Andrew can eat 10 plates of pasta per hour and Willy can eat 20 plates of pasta per hour.

Their combined rate is 30 plates of pasta per hour, thus one plate takes 2 minutes to eat together.

9. Mr. Anderson must screen 100 students for an interview. If each screening takes exactly 90 seconds,
and the time on a digital clock is 10:00AM when he begins screening the first student, what is the sum
of the digits on the digital clock when he is finished with the last student?

Answer: @

Solution: Each of 100 students taking 90 seconds each totals to 9000 seconds, which is 150 minutes,
or 2 hours and 30 minutes. The clock will thus read 12:30 PM, and the sum of digits is 1+2+43+0 = 6.
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10.

11.

How many non-similar convex nonagons (9-sided polygons) have internal angles whose degree measures

are distinct positive integers that form an arithmetic sequence?
Answer: @

Solution: The sum of internal angles of a nonagon is (9 — 2)180 = 1260. Since there are an odd
number of angles, and the angles form an arithmetic sequence, the 5th (middle) angle must be equal
to the average, 1260 < 9 = 140.

If d is the common difference of the sequence, we know that the largest angle is 140 + 4d. Since the
nonagon must be convex, we require that 140 + 4d < 180 = d < 10 (we do not need to consider
the bounds on the smallest angle, since 140 is closer to 180 than it is to 0). Since the angles must be

distinct, d can be any integer from 1 to 9 inclusive, totaling 9 possible such nonagons.

Seven hockey pucks with radius 1 are initially held together by a tight rubber band, as shown on the
left. The rubber band is so tight that three pucks pop out of formation, and the remaining pucks snap
into the shape shown on the right. The difference in area enclosed by the rubber band in these two

configurations can be expressed as a + by/c, where a, b, and ¢ are integers and ¢ has no square factors
other than 1. Find a + b+ c.

Answer:

Solution: Consider the figure below, where adjacent circle centers are joined and points of tangency

are joined to corresponding centers. Importantly, all line segments drawn are either length 1 or 2.

The original configuration can be split into 6 equilateral triangles, 6 rectangles, and 6 60°-sectors. The

sectors add up to one full circle.

The new configuration can be split into 2 equilateral triangles, 4 rectangles, 2 60°-sectors, and 2

120°-sectors. The sectors here also add up to one full circle.
All rectangles are congruent, and so are all equilateral triangles.

The difference is then 4 equilateral triangles and 2 congruent rectangles. This can be written as
4(?‘22) +2(1-2) =4+4y3. Thus, a+b+c=4+4+3=11.
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12. An ant starts on node A in the graph below. Every second, the ant will move to one of the connected
nodes, choosing one uniformly at random if there are multiple options. For example, if the ant is at
node C, it will move to node A with a % chance and it will move to node D with a % chance. The
probability that the ant is at node A after three seconds can be expressed as a ratio of relatively prime

positive integers, ¢. Find a + b.

A

Answer:

Solution: Note that if the ant arrives at node A on the 2nd second, it is forced to move off of node
A on after the 3rd second. This means that if the ant first moves to node B, it is impossible for it to

be on node A after 3 seconds.

There are only two ways for the ant to return to node A after 3 seconds: the ant can move to node C,
then node D, then back to node A, or the ant can move to node D, then node C', then back to node
A. The probability of both of these situations are the same: 3 -5 -5 = % The probability of both

situations combined is % c2 = %.
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13. At Rochester’s (future) ZipRail station, high speed trains arrive every hour, from both the north and
the south. Each train stops for 5 minutes to let passengers deboard and board. Michael chooses
a random time to arrive at the station. The probability that both trains are at the station can be

expressed as a ratio of relatively prime positive integers, 7. Find a + b.

Answer:

Solution: We know that for every hour, both trains will appear once, so it doesn’t matter what hour

Michael arrives: it just depends on the minute.

We can make a graph of when both trains are there. | (55,60) (60, 60)
Each axis represents the minute that one of the trains
arrives on. The shaded region represents when the 5(607 55)

two trains overlap times (i.e. one arrives within 5

minutes of the other).

We can split the graph along y = x, so the shaded (O 5)
Y

region is just two trapezoids. We can calculate the

that’s not shaded, which is two triangles with -
area at’s not shaded, winic 1S TWO rlang es Wi (0’ 0) (57 O)
total area 552 = 3025.

The area of the shaded region is then 602 — 3025 = 575. The desired probability is the proportion of
the 60 by 60 minute square that is shaded, or

LYE) 23

3600 144’

which gives us an answer of 23 + 144 = 169.
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14. Matthew and Dan flip a fair coin repeatedly heads or tails until one of them wins. Matthew wins once
the coin lands two consecutive heads. Dan wins if the coin lands three consecutive tails. The first flip
was heads. If the probability that Dan wins can be expressed as a ratio of relatively prime positive

integers, §. Find a + b.
Answer: @

Solution: Let H be the probability that Dan wins if the most recent coin flip was heads, and T if it
was tails. We're trying to find H.

Case 1: Second flip is heads. Matthew wins. Dan loses.
Case 2: Second flip is tails. The probability that Dan wins is 7.
Case 2a: Third flip is heads. Now, the probability that Dan wins is H.

Case 2b: Third flip is tails. Now, Dan has a % chance of winning on the fourth turn. And there’s also

a % chance that the fourth flip is heads, which has Dan’s probability of winning as H.

So now, let’s piece this together. The probability that Dan wins from the first flip is
H=-T.

Though, we know that his chances of winning when there is one tail is

1 1 1

T—=—-H+-H+ =
o+

3 +1

4 4

Since we have two equations with two variables, let’s substitute 7' = 2H into the second equation.

=
I

A
+

N

o
=

O = =W

So, since the probability that Dan wins is %, our answer is 1 + 5 = 6.
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15. The real solutions to the equation 42* + 4 = 3123 + 31z are of the form a + v/b. Find a + b.

Answer:

Solution: Dividing both sides of the given equation by z? gives 42 + ;% = 31z + 333—1 Now, let
y=u1x+ % Note that y? — 2 = (z + %)2 —2=2a>+ x—g So, substituting gives 4(y? — 2) = 31y. Now,
rearranging gives 4y? — 31y — 8 = 0, which factors into (4y + 1)(y — 8) = 0. So, we have y = —% and
y = 8 as our solutions.

Now, the equation x+% = —% rearranges into x4 %33 41 = 0, which has no real solutions. Meanwhile,

the equation x + % = 8 rearranges into 22 — 8z + 1 = 0, which has the roots 4 4 v/15. So, our answer
is 4+ 15 =19.



