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1. Define the x and ¢ operations as follows: a b = a? — b and a o b = b?> — a. Evaluate 5« (3¢ 8).

Answer:

Solution: We have 5x (3¢08) =5% (64 —3) =5x61 =25 — 61 = —36.

2. The first three terms in an arithmetic sequence are 2a, 5a — 3, and 6a + 2, in that order, for some value
of a. What is the 2023' term in the sequence?

Answer:

Solution: Looking at the common difference, we find that
(ba —3) — (2a) = (6a+2)— (ba—3) = 3a—3=a+5 = a=4.

The first 3 terms must then be 8, 17, and 26, and their common difference is 9.

The 2023 term is 8 + 9(2023 — 1) = 8 + 18198 = 18206.

3. Perry’s family has 5 people in total. In a room, there are 11 red socks, 9 yellow socks, 7 orange socks,
5 green socks, 3 blue socks, and 1 purple sock. Each can be worn on either foot. What is the minimum
number of socks that Perry must draw such that it is guaranteed that the family can all wear the same

combination of not-necessarily-matching socks?

Answer:

Solution: Perry must either draw 5 socks each of two different colors or 10 socks of the same color.
After drawing 3 blue socks, 1 purple sock, and 4 socks each of the colors red, yellow, orange, and green,
Perry must draw a 5th sock of a color. Then, Perry can draw at most 4 more socks of that color before
being either forced to draw a 10th sock of the same color or a 5th sock of a second color. So, to guarantee

that the whole family wears the same combination, Perry needs to draw 3+ 1+4+4+ 4 + 10 = 26.

4. Ethan is at a candy shop with 4 different flavors of identical candies. He has $18 and candies cost
$2.50 each. He plans on spending as much of his money as possible on candies. How many unique

ways can Ethan select candies to buy if he wants to have at least 1 candy of each flavor?

Answer:

%J = 7 candies. Of the 7 he buys, 4 must be one of each flavor,

and the remaining 3 candies can be any flavor. Using stars and bars, we must divide 3 candies into 4

Solution: Ethan can buy at most L

choices (thus 3 bars), so there are (g) = 20 unique ways for Ethan to select candies.
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5. Circles P and @ have diameters AB and CD, respectively, and they share a common tangent AD.
Circle M is constructed, concentric to circle P, to pass through point D. Circle N is constructed,
concentric to circle @, to pass through point A. Given that AB = 4C D, the positive difference in area
between circles M and N can be expressed as an integer multiple, k, of the area of circle Q. Find the

value of k.

Answer:

Solution: Consider a right triangle constructed within an annulus, as shown.
One leg is a radius of the smaller circle, the other is tangent to it, and the
hypotenuse is a radius of the larger circle. r

2

The area of the annulus is 7R? — mr? = 7d?, and depends only on the length of

the tangent chord to the inner circle (half the length, to be specific).

In particular, M — P = N —Q = AD2. So, M—~N = P—Q,and k = Mz = L1 = mABL 1 =15.

6. How many permutations of the letters in the word TIEBREAKER have no consecutive vowels?

Answer:

Solution: There are 10 letters, 5 of which are vowels. Consider how the vowels and consonants must

be placed.

Each vowel must be separated by at least 1 consonant (VCVCVCVCYV). The last consonant can be
placed at the start (CVCVCVCVCV), end (VCVCVCVCVC), or adjacent to one of the 4 existing con-
sonants (i.e. VCVCCVCVCYV). In total, there are 6 possible configurations of vowels and consonants.

Of the 5 vowels, 3 are Es and the rest are unique, so there are g—: = 20 possible permutations.
Of the 5 consonants, 2 are Rs and the rest are unique, so there are %: = 60 possible permutations.

In total, there are 6 - 20 - 60 = 7200 such permutations.
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7. The midpoints of the sides of rectangle ABC'D are connected 4 - b
to point P inside the rectangle, dividing the rectangle into four
quadrilaterals as shown. Quadrilaterals AEPH, BFPE, and I 7
CGPF have areas of 20, 18, and 15, respectively. Find the area
of quadrilateral DH PG. P
D G C

Answer:

Solution: Triangles AEP and BEP have the same area since E is a midpoint of side AB. In
particular, %AE -h = %BE - h, where h is the distance from P to side AB. Denote their area by e.

The same is true for the pairs of triangles through point P on the other 3 sides of the rectangle, since

F, G, and H are also midpoints. Denote their areas by f, g, and h, respectively.

Now, we have that AFPH = e+ h = 20, and similarly e + f = 18 and f + g = 15. Thus, DHPG =
g+h=(e+h)+(f+9) —(e+f)=20+15—-18 =17.

8. Felix is playing a game. He rolls a 6-sided die numbered 1 to 6. If the number on top of the die is a
prime number, he wins $2. If it is not a prime number, he loses $1. He continues rolling until he gets

a 1. What is the expected number of dollars that Felix will gain from playing this game?

Answer:

Solution: On each individual roll, there is a } chance he wins $2 (on a 2, 3, or 5) and a 3 chance he
loses $1 (on a 1, 4, or 6). So, each time he rolls the die, the expected gain is - $2+ 1 - (—$1) = $0.50.

The die roll is a 1 exactly % of the time, and thus we expect Felix to roll the die 6 times during the

game.

Thus, the expected gain from playing this game is $0.50 - 6 = $3.
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9.

10.

Ben rolls two fair 100-sided dice, with faces numbered 1 to 100. The probability that the sum of the

two rolls is at least 101 can be expressed as a ratio of relatively prime positive integers, ¢. Find a + b.
Answer:

Solution: The sums of dice rolls are symmetric, in particular, rolling a sum of 2 happens with the
same probability as 200, probability of a sum of 3 is the same as 199, etc. So, the probability of rolling
a sum greater than or equal to 102 is equal to the probability of rolling a sum less than or equal to
100. Call this probability P.

There are 100? = 10000 possible dice rolls, and 100 of them ((100, 1), (99,2), -, (1,100)) sum to 101.
Thus, the probability of rolling a sum of exactly 101 is 1(1)—0.

The sum can either be less than or equal to 100, exactly 101, or greater than or equal to 102, so we
know that 2P + ﬁ = 1, and thus P = %. The probability that the sum is at least 101 is thus

P+ 5 = 30 and the answer is 101 + 200 = 301.

How many ways can the digits from 1 to 9 inclusive be arranged (each used once) to create 4 distinct
numbers, each of which includes at least one digit? For example, four such numbers might be 7432,
15, 9, and 86.

Answer:

Solution: First, we choose 4 of the 9 digits to be the first digit of each number. There are (i) =126
ways to do this.

The remaining 5 digits must be allocated to the 4 numbers. Using 5 stars and 3 bars, there are (g) =56
ways to allocate the digits, if they were identical. Since the digits are unique, we must count each

possible permutation, and there are 5! = 120 permutations.

Thus, there are 126 - 56 - 120 = 846720 such ways.



