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1. Define the ⋆ operation by a⋆b = 2a − b. Evaluate (2⋆0)⋆(2⋆4).

Answer: 16

Solution: We get (2⋆0)⋆(2⋆4) = (22 − 0)⋆(22 − 4) = 4⋆0 = 42 − 0 = 16.

2. Anika’s bedroom wall is 8 feet wide and 6 feet tall. She buys paint buckets that each can cover 100 square

inches of wall. What is the minimum number of buckets she has to buy in order to completely cover her

wall?

Answer: 70

Solution: Anika’s wall has (8× 12)× (6× 12) = 6912 square inches of surface area. Since 6912÷ 100 =

69.12 > 69, she must buy at least 70 buckets to completely cover her wall.

3. Four numbers are written down in a row. The average of the first two numbers is 11, the average of the

middle two numbers is 9, and the average of the last two numbers is 2024. What is the average of the first

and last numbers?

Answer: 2026

Solution: Let the four numbers be a, b, c, d, in that order. Then, by the averages, we know that

a+ b

2
= 11,

b+ c

2
= 9,

c+ d

2
= 2024.

Adding all the equations up gives

a+ 2b+ 2c+ d

2
= 11 + 9 + 2024 = 2044.

Finally, if we subtract 2

(
b+ c

2

)
= 18,

a+ 2b+ 2c+ d

2
− 2

(
b+ c

2

)
= 2044− 18 =⇒ a+ d

2
= 2026.

Thus, the average of the first and last numbers is 2026.
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4. Katherine and Michelle are running on a 6-mile circular track. Katherine can finish each lap in 36 minutes

while Michelle can finish each lap in 180 minutes. Katherine and Michelle start at the same place. Michelle

starts running in one direction, and Katherine starts running in the other direction half an hour later. How

many minutes will Katherine have run when she and Michelle first run into each other?

Answer: 25

Solution: In miles per minute, Katherine’s speed is 6÷ 36 = 1
6 , while Michelle’s is 6÷ 180 = 1

30 .

When Katherine starts running, Michelle will have ran 1
30 × 30 = 1 mile already.

Now that they are both running, they approach each other at a speed of 1
6 + 1

30 = 1
5 miles per minute.

They will close the remaining distance of 6− 1 = 5 miles in 5÷ 1
5 = 25 minutes.

Thus, Katherine runs for 25 minutes before running into Michelle.

5. Joey and Nicole are taking turns practicing tennis serves. Nicole keeps serving until she makes one in, and

then Joey does the same. Nicole makes 40% of her serves in, while Joey makes 50% of his in. If they stop

practicing after two serves make it in, what is the percent chance that exactly 3 serves are attempted?

Answer: 22

Solution: Since they stop after 2 successes, Nicole and Joey must each make one serve in, and one of the

them must fail their first serve. There are only two possibilities:

i. Nicole misses her first serve and makes her second serve, then Joey makes his first serve. This occurs

with a 60%× 40%× 50% = 12% chance.

ii. Nicole makes her first serve, then Joey misses his first serve and makes his second serve. This occurs

with a 40%× 50%× 50% = 10% chance.

Thus, there is a 12% + 10% = 22% chance that exactly 3 serves are attempted.
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6. Leo has an unlimited number of quarters, dimes, nickels, and pennies in his pocket. He sees a vending

machine and wants to buy a $1 soda. However, this vending machine is a little bit broken and will not

accept more than 7 coins. How many ways can Leo pay for his soda?

Answer: 4

Solution: We break into cases on the number of quarters. Notice that Leo must use at least 1 quarter,

since without quarters, he can get a maximum of 7× 10 = 70 cents, which is not enough.

1 quarter: The other six coins need to total 75 cents. The maximum value is 6 × 10 = 60 cents, so

there are no ways to pay in this case either.

2 quarters: To get 50 cents from the 5 remaining coins, we need to use all dimes, so there is only one

way to pay in this case.

3 quarters: The remaining 4 or fewer coins must total 25 cents. Since 25 is a multiple of 5, the number

of pennies must also be a multiple of 5, but 5 > 4, so we can’t use pennies.

There are 2 possibilities: 2 dimes & 1 nickel, and 1 dime & 3 nickels. Therefore, there are

2 ways to pay using 3 quarters.

4 quarters: This is already 100 cents, and we don’t need any more coins, so there is only way to pay in

this case as well.

Any more quarters would be too much money. So, there are 1 + 2 + 1 = 4 ways to pay for the soda.

7. Finn has a cylindrical cup with a volume of 144 cubic centimeters. Emma has a different cylindrical cup

that is the same height as Finn’s cup, but with a volume of 196 cubic centimeters. The ratio between the

radii of Emma’s cup and Finn’s cup is m
n , a fraction in simplest form. Find m+ n.

Answer: 13

Solution: Let r and R be the radii of Finn’s and Emma’s cups in centimeters, respectively. We want R
r .

If the height of the cups is h, we know that πr2h = 144 and πR2h = 196. Then, dividing the second of

these equations by the first gives

πR2h

πr2h
=

196

144
=

49

36
=⇒ R

r
=

7

6
.

Thus, the answer is 7 + 6 = 13.
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8. Colin is putting his cookies away into jars. First, he tries to put 12 cookies in each jar. This leaves 3 jars

empty, but the rest are filled. He then tries to put 10 cookies in each jar, but he is left with 4 cookies too

many. How many cookies does Colin have?

Answer: 204

Solution: Let j be the number of jars and let c be the number of cookies. We get the following system of

equations: 12(j − 3) = c,

10j + 4 = c.

Solving this, 12j − 36 = 10j + 4 =⇒ 2j = 40 =⇒ j = 20, so Colin had 10× 20 + 4 = 204 cookies.

9. The midpoint of the four sides of a rectangle are (−5, 1), (1, 1), (6,−3), (0,−3). What is the area of the

rectangle?

Answer: 48

Solution: Consider the rectangle below. Connecting opposing midpoints creates 4 smaller rectangles,

while connecting adjacent midpoints splits these rectangles in half. The area of the rhombus with vertices

on the midpoints is therefore half the area of the rectangle.

In the listed vertices, two have a y-value of 1, and two have a y-value of −3. Thus, these vertices form a

parallelogram (all rhombi are parallelograms) with height 1− (−3) = 4 and base 1− (−5) = 6− 0 = 6, so

its area is 4× 6 = 24.

Therefore, the area of the rectangle is 24× 2 = 48.
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10. Find the number of pairs of integers (x, y) that satisfy x2 + y2 < 81.

Answer: 249

Solution: We break into cases by the value of M = max(|x|, |y|).

When M = 0, then x = y = 0, so there is 1 solution.

When 1 ≤ M ≤ 6, since 62+62 < 81, (x, y) must be a point on the square bounded by x = ±M , y = ±M ,

so there are 8M solutions.

When M = 7, |x| = 7 =⇒ |y| ≤ 5. Accounting for the symmetric case when |y| = 7, there are 4 · 11 = 44

solutions.

When M = 8, |x| = 8 =⇒ |y| ≤ 4. Accounting for the symmetric case when |y| = 8, there are 4 · 9 = 36

solutions.

If M ≥ 9, then x2 + y2 ≥ 81, so we have exhausted all possible cases.

In total, there are 1 + 8 · (1 + 2 + · · ·+ 6) + 44 + 36 = 249 such ordered pairs.


