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. Evaluate 112 + 222 4+ 332 4+ 442 4 552,

Answer:

Solution: Notice that 112 4 222 4 332 + 442 + 552 = 112 - (12 + 22 + 32 + 42 4 52) = 121 - 55 = 6655.

. Positive integers a and b satisfy a < b. If a has 3 positive integer factors, and b has 5, what is the smallest

possible value of b — a?

Answer:

Solution: To have the correct number of integer factors, it must be true that a = p? and b = ¢*, where
p,q are prime. The smallest possible b is 2* = 16, and the value of a that minimizes b — a is 32 = 9. We
know that this is the smallest possible value since if b was larger, b — a couldn’t be less as a and b must
be squares and the distance between consecutive squares gets larger as the squares get larger. Thus, the

answer is 16 — 9 = 7.

. Four of the internal angles in a convex pentagon measure = degrees. The set of possible values of x is

exactly the interval ¢ < x < b. Find a + .
Answer:

Solution: If y be the degree measure of the last angle, we know 4x+y = 540. Since the pentagon is convex,
0 <y < 180, and therefore 360 < 4z < 540, so 90 < z < 135. The desired sum is thus 90 + 135 = 225.

. Consider a 4 by 6 grid of unit squares. How many ways are there to color a rectangle

consisting of some of these unit squares such that at least 7 squares remain uncolored?

One such coloring is shown to the right.

Answer:

Solution: Choosing 2 vertical lines and 2 horizontal lines uniquely defines a possible rectangle to color,

of which there are (;) (g) = 210. In 5 of these colorings, less than 7 squares remain uncolored:

All other colorings are valid, as either multiple rows and/or columns are unshaded, or at least one row and

one column are both unshaded. Thus, there are 210 — 5 = 205 valid colorings.
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. Let f(z) be a quadratic function such that f(—3) =8 and f(3) = 2. If f(z) intersects the z-axis at exactly
one point, find the sum of the possible z-intercepts of f(z).

Answer:

Solution: Since f(—3) = 4f(3), the distance from the vertex of the parabola to (—3,0) must be twice
the distance from the vertex to (3,0), which means the vertex must be at (1,0) or (9,0). The sum of the
z-intercepts is then 1 + 9 = 10.

Alternatively, we might construct a system of equations. We know f(z) takes the form f(x) = a(z — b)?

for some numbers a, b since it has one real root. The two given conditions yields the system:

8, b+3)° b
2

a(b+ 3)?

a(b—3)2: b—3 b—3

)

This gives the solutions b = 1 and b = 9 (the z-intercepts), and our answer is again 1+ 9 = 10.

. Let ABCDFEF be a regular hexagon with side length 2 and center G. The sum of the areas of all
nondegenerate triangles formed by any 3 of these 7 points can be expressed as kv/3. Find k.

Answer:

Solution: There are 4 types of triangles:
(i) small equilateral: There are 6 of these, with area /3, for a combined area of 6/3.
(ii) big equilateral: There are 2 of these, with area 3+/3, for a combined area of 6v/3.

(iii) 30-60-90: There are 12 of these (choose one of the 3 diameters to be the hypotenuse, and then one of
the 4 other points to be the right angle), with area 21/3, for a combined area of 24+/3.

(iv) 120-30-30: There are 12 of these (choose one of the 6 non-diameter chords to be the base, and then
it can point in or out), with area V/3, for a combined area of 12+/3.

The 32 triangles above, together with the 3 possible degenerate triangles, account for the 35 = (g) possible
choices of 3 vertices. The desired sum is then 6v/3 + 6v/3 4+ 24v/3 + 12/3 = 48v/3 and k = 48.
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. Asha writes 101 numbers on a board in a line, each a number selected uniformly at random from the
set {—2,—1,0,1,2}. She then makes a new line of 100 numbers below the first row, which contains the
absolute value of the difference between consecutive numbers. For example, if the first row contains the
numbers, —2, 1, —1, then the second row contains 3, 2. She then adds all of the numbers in the second row.

What is the expected value of this sum?

Answer:

Solution: The expected value of any individual number in the second row is the expected value of the

difference between two numbers in the set {—2,—1,0,1,2}.

Considering each pair, there are 5, 8, 6, 4, and 2 ways to get a difference of 0, 1, 2, 3, and 4, respectively.

. -1 -244- 2-4
The expected difference is then 5 0F8-1+ 652 -3 = %

By the linearity of expectation, we then expect 100 of these numbers to sum to 100 - % = 160.

. Alvin has 8 unique books: two number theory books, two algebra books, two geometry books, and two
combinatorics books. How many ways can he order these books on his shelf such that neither geometry

book is the leftmost book and both combinatorics books are to the right of both number theory books?

Answer:

Solution: Of the 8 books, 6 could be the leftmost, so g of all permutations satisfy the first condition. If we
consider only the 2 number theory and 2 combinatorics books, there are 4! permutations, of which 4 satisfy
that both combinatorics books are to the right of both number theory books, so % of all permutations satisfy

this condition. These conditions are independent, so there are 8! (g) (%) = 7! = 5040 valid orderings.

. Alice is climbing an escalator, and Bob is climbing a flight of stairs of the same length. Due to the other
people on the escalator, Alice’s speed, relative to the escalator steps, is only i of her normal walking speed.
Alice and Bob start climbing at the same time. Bob reaches the top 5 seconds before Alice, at which point
Alice is 75% of the way up. Given that they have the same normal walking speed, by how many seconds

would Alice beat Bob to the top if there were no other people on the escalator slowing her down?

Answer:

Solution: If the normal walking speed be w, and the escalator’s speed is s, Alice’s net speed is s + iw.

Alice travels 75% of the distance Bob does in the same amount of time, so s + iw = %w = s = %w.

It takes Alice 5 seconds to go the final quarter of the distance, so her total time is 4 -5 = 20 seconds, while
Bob’s time is 20 — 5 = 15 seconds.

If there were no people on the escalator, Alice’s speed would be s +w = %w +w = %w. This means that

she would take % the time Bob does, beating him by % - 15 = 5 seconds.
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Kevin is hanging up banners on a clothesline. He has 8 differently colored banners: white, red, orange,
yellow, green, blue, purple, and black. The white, red, and orange banners must hang to the left of all
other banners, and the purple and black banners must hang to the right of all other banners. If Kevin can

hang up any number of banners, but must hang up at least one banner, how many ways can he do so?

Answer:

Solution: Consider the 3 groups: white/red/orange, yellow/green/blue, and purple/black. These groups
must be ordered from left to right as listed, but the banners can swap positions within their given groups.

We can treat the groups independently, as 2 groups of 3 and 1 group of 2.
n
|
Given a set of n banners, there are Z W possible permutations of all (possibly empty) subsets.
n—k)!
k=0

When n = 2, there are 2 + 2 + 1 = 5 such permutations.

When n = 3, there are 6 + 6 + 3 + 1 = 16 such permutations.

Finally, since the clothesline can’t be empty, there are a total of 16-16-5—1 = 1279 banner arrangements.

From each vertex of an equilateral triangle, two cevians are drawn that trisect
the opposite side, as shown. The shaded hexagon comprises 7+ of the total area

of the triangle. If m and n are relatively prime positive integers, find m + n.

Answer:

Solution: In the diagram below, points D, E, and F' are the midpoints of sides BC, AC, and AB,

respectively. Due to symmetry, 7 = E:g% = % . %. We will employ mass points to find these ratios.

Since O is the centroid, AO = %AD and FO = %BE. Keep in mind that all sides of AABC are trisected.

With P as fulcrum, let A=2. Then B=C=1 — D =2,s0 AP = PD, and

PO _AO-AP _, 3AD 1
AO A0 Z2AD 4

BE 2
1-— = —.
)

Q0 _EO-FQ _
- iBE

EO  EO

QY=

2 1
5T 10 = m+n=11L

1
Finally, m_ 1 10
n
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Suppose that the equation

P+ =z-6>2+0b-92=(@-b>+ (-9 =k

has exactly one solution (a, b, z,y) for given a value of k. What is k7

Answer:

Solution: Consider the points A = (a,y) and B = (b,z). The condition a? + y?> = k forces A to be
distance vk away from (0,0), and similarly (z — 6) + (b — 9)? = k forces B to be distance vk away from
(9,6). Finally, (a — b)? 4+ (z — y)? = k forces points A and B to be distance vk away from each other.

Denote by d the straight-line distance from (0,0) to (9,6). Now, if 3vk < d, there will be no solutions,
since a straight line is the shortest possible distance. On the other hand, if 3v/k > d, there will be more

than one solution (mirroring a solution across the line from (0,0) to (9,6) yields another valid solution).

Only when 3vk = d, forcing A, B, (0,0) and (9,6) to be collinear, is there exactly one solution.

2
Thus, k = (Jv07+6) =13,

Let # be the concatenation function, where a#b is the number you get by placing a and b next to each
other in the same order; e.g. 14#34 = 1434. Consider the sequence ay = (k + 1)#(3k) for k > 1. Find the

smallest number in this sequence that is divisible by another number in the sequence.

Answer:

Solution: We notice a = 10(k+ 1) +3k = 13k + 10 for k =1, 2,3, and a;, = 100(k+ 1) + 3k = 103k + 100

for 4 < k < 33. Also, if m < n, a;, < an, and the converse is true as well. There are 3 cases:
(i) 1 <m < n < 3: Here, a; = 23, ay = 36, and ag = 49. Clearly, none divides another.

(ii)) 1 <m < 3 and 4 < n < 33: Solving for when 103n + 100 = 0 modulo 23, 36, and 49 yields that the

smallest n for values m = 1,2,3 are n = 16, 20, 29, respectively.

(iii) 4 <m <n < 33: Let a = 103m + 100 and b = 103n + 100 = ka. Then (k — 1)a = 103(n — m), and

since 103 1 a, we require 103 | k — 1, which is impossible.

Therefore, the smallest number in .S satisfying the conditions is a1g = 1748.
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For a positive integer n, the value 2" — n is divisible by 13. Find the 25 smallest possible value of n.
Answer:

Solution: On inspection, the powers of 2 modulo 13 take on every value except 0, i.e. the integers 1 to 12
in some order. These values repeat in a pattern of length 12. Note: this is true for the powers of 6, 7, and

11 modulo 13 too; in general the powers of the “primitive roots” of n take on v(n) unique values mod n.

However, there are 13 possible values modulo 13. Thus, the sequence of pairs (n,2"), when taken modulo
13, will repeat in a pattern of length 12 - 13 = 156. By the Chinese Remainder Theorem, every possible

pair (n,2™) will occur exactly once.

Thus, for a particular nonzero n modulo 13, 2" = n will hold true exactly once per 156-length pattern, so

there will be exactly 12 values of 2™ — n that are divisible by 13 in each occurrence of this pattern.

Since we desire the 25" smallest possible value of n and 25 = 1+2(12), we need only find the first smallest
possible value of n, and then account for the 2 repetitions of the 156-length patterns that must occur before

we see this particular value of n for the third time.

We can find this first value of n quickly by producing the table below:

nmod13 || 1]2]3|4|5] 6|7 |8|o]10]
2nmod13H2\4\8\3\6\12\11\9

Since n = 10 is the first possible value of n, the 25 smallest possible value of n is 10 + 2(156) = 322.
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Points A and B lie on the edge of a circular piece of paper such that @ = 42°.
The paper is then folded along chords m and n, bringing A and B together
to meet at point C, such that after folding, the new arcs are tangent at C.
The extensions of m and n intersect to meet at an acute angle a. What is

the maximum possible degree measure of «?

Answer: @

Solution: A — P
;“' - // /
. -~
/
S Phg /
-~ g /
/
m/// 7
/// /
_ - C //
@)
// *B
m :
/
4 T

Folding along m and n behaves exactly as if the relevant parts of the original circle were reflected across

m and n. Notably, A and B reflect across m and n, respectively, to land on the same point C.

Let O be the center of the original circle, and let the tangents at A and B intersect at P. Then, AOAP =
AOBP (by HL). Let S and T be the images of O upon reflection across m and n, respectively; these are

the centers of the arcs after folding. Since C' is a point of tangency, S, C, T are collinear.

Now suppose that P; and P, are the images of P upon reflection across m and n, respectively. Then,
AOAP reflects across m to ASCP; and AOBP reflects across n to ATCP,. However, ZSCT = 180°,
/ZSCP, = ZOAP =90° = ZOBP = ZTCP,, and CP; = AP = BP = CP,, so necessarily P; = P.

The only way for P, and P» to be the same point is if P lies on the intersection of m and n and is therefore
unmoved by either reflection, making P = P, = P, and thus AP = BP = C'P. As a result, the tangents
AP, BP, CP and the extensions of m, n must all intersect at P.

Since A reflects across m to C and B reflects across n to C, it follows that m bisects ZAPC and n
bisects ZBPC. Thus, we know that a = $(ZAPC + ZBPC) = $/APB. In quadrilateral APBO,
ZLOAP = ZOBP =90° and LAOB = @ = 42° as given. Note that ZAPB does not change for different
(valid) choices of C, so neither does a.. Therefore, o = $(360° — 2 - 90° — 42°) = 69° is maximal.



