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. Silas has 10 clean socks in his drawer. He wears a pair of them, then accidentally puts the dirty socks back
into the drawer. Quickly, he rummages through the drawer, randomly retrieving 4 socks. The probability

that he recovers both dirty socks is % for relatively prime positive integers p,q. Find p + q.

Answer:

Solution: Silas needs to grab the pair of dirty socks, along with any of the (g) = 28 possible clean pairs.

Since there are (10

4
socks is % = %, so the answer is 2 + 15 = 17.

) = 210 ways to select 4 socks in general, the probability that he recovers both dirty

. Given that a, b, and ¢ are digits, find the three-digit integer a bc that satisfies

15! =1,307,674,abc,000

Answer:

Solution: Notice that 1001 = 7- 11 - 13 divides 15!. Therefore, 1 — 307 + 674 — a bc + 0 must be divisible
by 1001. This is only possible if a bc = 368.

. Consider a sequence with ag = 0, a; = 1, and a,, = 18a,_1 + 1008a,,_s for n > 2. As n approaches infinity,

An+1
an

Answer:

the ratio approaches some value r. What is r?

Solution: Let us divide both sides of the recurrence relation by a,_1.

In_ _ g%l 4 10089n=2,
Ap—1 an—1 an—1
=18+ 1008222,
Gp—1
As n approaches infinity, In__ Onl _ by definition. Therefore,
Gn—1 Gn—2
1008
r=18+ = 7% —18r — 1008 =0,
T

which is a quadratic with solutions

=9+ 33.

. 18 + /324 + 4032
- 2

Since r must be positive, r = 42.
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. Find the number of pairs of integers (z,y) that satisfy 22 + y? < 81.
Answer:

Solution: We break into cases by the value of M = max(|z|, |y|).
When M =0, then z = y = 0, so there is 1 solution.

When 1 < M < 6, since 62+ 62 < 81, (x,y) must be a point on the square bounded by x = £ M, y = +M,

so there are 8 M solutions.

When M =7, || =7 = |y| < 5. Accounting for the symmetric case when |y| = 7, there are 4 - 11 = 44

solutions.

When M =38, |z] =8 = |y| < 4. Accounting for the symmetric case when |y| = 8, there are 4 -9 = 36

solutions.
If M > 9, then 22 + y? > 81, so we have exhausted all possible cases.

In total, there are 1 + 8- (1 4+ 2+ --- +6) + 44 + 36 = 249 such ordered pairs.

. The incircle of triangle ABC is tangent to side BC at point D, as shown. G
Segment AD intersects the incircle again at F, such that AF : DE =1 : 3. F
The length of AD can be expressed as 7, for relatively prime positive integers

m and n. Given that BD = 14 and CD = 34, find m + n. C D B
Answer:

Solution: Let F' and G be the points where the incircle is tangent to AB and AC, respectively.
Using power of a point, we get BD = BF = 14, CD = CG = 34, and AF? = AG? = (AE)(AD).
Let AD =4z = AF = x,DE = 3z. Then, AF = AG = Vx - 4z = 2x.

Thus, AB=AF + BD =2x + 14 and AC = AG + CD = 2z + 34.

Stewart’s theorem yields

14 - 34 - 48 + 1622 - 48 = 34(2x + 14)% + 14(2z + 34)?,
4a? - 48 = 34(x? + 14x) + 14(2* + 34z),

32248 = (2-14 - 34)x,
119
r=——".
18

Finally, AD = 4x = Q%, and the answer is 238 + 9 = 247.
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. How many permutations of “FOLKLORE” contain a palindrome with length at least 27 For example,
“FLEROLOK?” is one such permutation, since “OLO” is a palindrome of length 3.

Answer:

Solution: For a permutation to contain such a palindrome, either the two L’s are consecutive or one apart,

or the two O’s are consecutive or one apart. These conditions aren’t independent, so we use PIE counting.

There are 13 ways to place the two L’s to satisfy this condition (by manual count), and the remaining 6
letters can be permuted in % = 360 ways, so there are 13- 360 = 4680 permutations where the two L’s are

either consecutive or one apart. Symmetrically, the same is true for the O’s.
The overlapping cases where both the two L’s and the two O’s are either consecutive or one apart are:

(i) If the L’s are consecutive and the O’s are consecutive, we can treat the two pairs each as one unit to

find that there are 6! = 720 such permutations.

(ii) If the L’s are together and the O’s are one apart, we can treat the L’s as one unit, choose one of the 4
other letters to fall between the two O’s and treat that as one unit, then permute the two units and 3
remaining letters, for a total of 4 - 5! = 480 such permutations. Symmetrically, this count is the same

for when the O’s are together and the L’s are one apart.
(iii) Finally, if both the L’s and the O’s are one apart, there are two cases:

(a) If the L’s and O’s are all adjacent, then they either appear as “LOLO” or “OLOL”. We can treat

this as one unit and permute with the remaining 4 letters to find 2 - 5! = 240 such permutations.

(b) If the I’s and O’s don’t overlap, then we can choose 1 of the 4 remaining letters to fall between
the L’s and 1 of the 3 remaining letters to fall between the O’s, treating each of these as a unit.

Permuting these two units with the 2 remaining letters gives 4 - 3 - 4! = 288 such permutations.

By PIE, the desired count is thus 2 - 4680 — (720 + 2 - 480 + 240 + 288) = 7152.
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7. Determine the smallest positive value of x that satisfies

c0s(5°) 4 cos(25°) + cos(65°) + cos(85°) = V6 cos(z°).

Answer:

Solution: We can see that

cos(25°) + cos(65°) = cos(45° — 20°) + cos(45° + 20°),
= c0s(45°) cos(20°) + sin(45°) sin(20°) + cos(45°) cos(20°) — sin(45°) sin(20°),
= 2cos(45°) cos(20°),
= V2 cos(20°).

Using a similar process, cos(5°) + cos(85°) = /2 cos 40°. Thus,

V6 cos(z°) = cos(5°) + cos(25°) 4 cos(65°) + cos(85°),

V2(cos(20°) + cos(40°)),

= v/2(cos(30° — 10°) + cos(30° + 10°)),

= v/2(cos(30°) cos(10°) + sin(30°) sin(10°) + cos(30°) cos(10°) — sin(30°) sin(10°)),
= 2v/2c0s(30°) cos(10°),

6 cos(10°).

Therefore, z = 10.

8. Find the sum of all possible x, where 0 < x < 5-7 - 11, that satisfy

> =4mod 5, z2=4mod 7, and z? =4 mod 11.

Answer:

Solution: Consider the equivalence 22 = 4 mod p, for prime p. Then, 0 = 22 — 4 = (z + 2)(z — 2) mod p.
Since p is prime, either p | z + 2 or p | x — 2, so there is exactly two solutions: x = £2 mod p.

For the 3 given equations, each forces either z = 2 mod p or x = —2 mod p. The Chinese Remainder

Theorem guarantees 22 = 8 unique solutions  mod 5 - 7 - 11.

Suppose a given  mod 5 - 7 - 11 satisfies z = a mod 5, z = bmod 7, x = ¢ mod 11, where a,b,c € {—2,2}.
The corresponding value —z mod 5-7-11 then satisfies —z = —a mod 5, —x = —bmod 7, —x = —c mod 11.

So, every solution z is paired with exactly one other solution 5-7-11 — z, and their sum is simply 5-7-11.

As a result, the 8 solutions form 4 pairs who sum to 57 - 11, so the desired sum is 4-5-7-11 = 1540.
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. Pyxis, the point, is wandering around the zy-plane. He starts at the origin facing the positive x direction.
For his first step, he moves 5 units forward and then rotates counterclockwise by an angle § = arctan(3/4).
For every future step, he moves forward five-eighths the length of the previous step and then rotates by 6
counterclockwise. As he takes more and more steps, he will get arbitrarily close to a single point. What is

the distance from this point to the origin?
Answer: E

Solution: Consider this process on the complex plane, where the point (z,y) corresponds to the complex

number x + yi. His first step puts him at (5,0), represented by 5 + 0i.

At each step, Pyxis rotates by 8 counterclockwise, and moves % the length of the previous step, which
corresponds to multiplying the previous step by r = %ew. This means that Pyxis will end up at the point
resulting from the infinite sum

[ee]
5+5T+5T2—|—---:5Zrk.
k=0
4

- _ 3 _ p— 3 _ 1 3; _5
Since 6 = arctan(y), cosf = = and sinf) = ¢, so r = 5 + gi. As |[r| = § < 1, the sum converges to

= 8.

oolen| Ot



RAMC 2024 High School Invitational Solutions 11/9/2024

n

1 oo
10. Let s, = Z Jagniia’ Then, Z ;—Z = g for relatively prime positive integers p, q. Find p + q.

a=1 n=1
Answer:

1
Solution: Notice that s, is the sum of all Ja38 that satisfy a + b = n + 1, which means

> 1
;sn: Z TR

a,b>1

Since n = a + b — 1, we can directly compute

s 1
Zl n Z 2a3b2a+b—1’
n=

a,b>1
- &
= —
a,b>1 426
[CSINe'S) 1
=23 > Jagh
a=1 b=1
[eS) oS
1 1
a=1 b=1

11
35

[\D‘:

Thus, the desired sum is p+q¢ =2+ 15 = 17.



