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1. Evaluate (7× (3 + 4× 5)) + 62.

Answer: 197

Solution: We have

(7× (3 + 4× 5)) + 62 = (7× 23) + 36 = 161 + 36 = 197.

2. Andrea runs at a speed of 8 mph east, and Brady runs at a speed of 12 mph west. If they begin running

at the same time, and meet each other after 45 minutes, how many miles apart were they originally?

Answer: 15

Solution: After 45 minutes, Andrea will have traveled 45
60 · 8 = 6 miles, and Brady will have traveled

45
60 · 12 = 9 miles. Thus, they must have started 6 + 9 = 15 miles apart.

3. Timothy has 5 differently sized coconuts, two of which are green. How many ways can he place his coconuts

in a row such that the green coconuts are not adjacent?

Answer: 72

Solution: There are 5! = 120 ways to order the coconuts without restriction.

If the two green coconuts are adjacent, we can treat them as one unit and permute it with the other 3

coconuts. Since the two green coconuts can be swapped around in any of these arrangements, there are

4! · 2 = 48 arrangements in which the two green coconuts are adjacent.

Thus, there are 120− 48 = 72 arrangements in which the green coconuts are not adjacent.

4. Define the ⋆ operation by a⋆b = 3(a+ 2b). If 6⋆(5⋆x) = 0, what is x?

Answer: −3

Solution: Expanding the given equation yields

6⋆(5⋆x) = 0,

6⋆(3(5 + 2x)) = 0,

3(6 + 2(3(5 + 2x))) = 0,

18 + 90 + 36x = 0,

36x = −108,

x = −3.
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5. What is the largest 5-digit number whose digits multiply to 120?

Answer: 85311

Solution: To find the largest number, we want to place the largest digits in the highest place-values.

The largest single-digit factor is of 120 is 8. The remaining digits should multiply to 120/8 = 15, and the

largest single-digit factor of 15 is 5. Continuing this process, the remaining digits are 3, 1, and 1. Thus,

the answer is 85311.

6. Points A, B, C, and D lie on the 2D plane. If AB = 5, BC = 7, and CD = 15, what is the positive

difference between the largest and smallest possible lengths of AD?

Answer: 24

Solution: The largest possible length of AD is obtained by “stretching out” the points into a straight

line, which has length 5 + 7 + 15 = 27.

The smallest possible length occurs whenA andB lie on segment CD, producing lengthAD = 15−7−5 = 3.

Thus, the desired difference is 27− 3 = 24.

7. Thalia adds up all of the numbers from 1 to 100, but accidentally leaves out a number. The total she gets

is a palidrome. What is the sum of all the possible numbers that Thalia might have left out?

Answer: 101

Solution: If Thalia had added up the numbers correctly, she would get a total of 100·(100+1)
2 = 5050. This

means that the sum that she got (from leaving one number out) falls between 5050 − 100 = 4950 and

5050 − 1 = 5049. There are two palindromes within that range: 4994 and 5005. Thus, the two possible

values she might have left out are 5050−4994 = 56 and 5050−5005 = 45. The desired sum is 56+45 = 101.

8. Positive integers a and b satisfy a < b. If a has 3 positive integer factors, and b has 5, what is the smallest

possible value of b− a?

Answer: 7

Solution: To have the correct number of integer factors, it must be true that a = p2 and b = q4, where

p, q are prime. The smallest possible b is 24 = 16, and the value of a that minimizes b − a is 32 = 9. We

know that this is the smallest possible value since if b was larger, b − a couldn’t be less as a and b must

be squares and the distance between consecutive squares gets larger as the squares get larger. Thus, the

answer is 16− 9 = 7.
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9. For digits a and b, a positive integer N has base-9 representation a 0 b, and base-11 representation b 0 a.

What is the base-10 representation of the largest possible value of N?

Answer: 490

Solution: The conditions yield that N = a · 92 + b = b · 112 + a. Thus,

81a+ b = 121b+ a =⇒ 80a = 120b =⇒ a =
3

2
b.

Now, in order for both a and b to be digits, we need b to be even. We see that (a, b) = (3, 2), (6, 4), (9, 6)

are all solutions. However, base 9 only uses the digits 0 through 8, so that the digit 9 cannot be used.

Thus, the largest value occurs when a = 6 and b = 4, which has base-10 representationN = 121·4+6 = 490.

10. Adam and Bailey are taking turns rolling dice. Adam has a fair 6-sided die, while Bailey has a fair 4-sided

die. Adam and Bailey take turns rolling their die, starting with Adam. The probability that Adam is the

first player to roll a 1 can be expressed as m
n , a fraction in simplest form. What is m+ n?

Answer: 13

Solution: On his first turn, Adam has a 1
6 chance of rolling a 1.

If Adam doesn’t roll a 1 on his first turn (56 chance), then Bailey must fail her roll (34 chance) for Adam to

have another attempt. Thus, the probability that Adam rolls the first 1 on his second turn is 5
6 · 3

4 · 1
6 .

This pattern continues, with the probability that Adam rolls the first 1 on his nth turn being
(
5
6 · 3

4

)n−1 · 16 .

To find the probability that Adam rolls the first 1 on any one of his turns, we must add the probabilities

of him doing so on all possible turns, i.e. 1
6 +

(
5
6 · 3

4

)
· 1
6 +

(
5
6 · 3

4

)2 · 1
6 + · · · .

This a geometric series with first term 1
6 and common ratio 5

6 · 3
4 = 5

8 , which has infinite sum
1
6

1− 5
8

=
4

9
,

so the answer is 4 + 9 = 13.
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11. Find the sum of all values of x that satisfy:

(x2 − 9x+ 19)(x
2−2x−63) = 1.

Answer: 16

Solution: There are three possible cases for this equation to hold.

Case 1: x2− 9x+19 = 1. This becomes x2− 9x+18 = 0 =⇒ (x− 3)(x− 6) = 0, so x = 3, 6 are solutions.

Case 2: x2 − 2x − 63 = 0. This factors to (x + 7)(x − 9) = 0, so x = −7, 9. We must also check that

x2 − 9x+ 19 ̸= 0 (as that would be undefined), but both solutions pass this check.

Case 3: x2− 9x+19 = −1 and x2− 2x− 63 is even. We see that x2− 9x+20 = 0 =⇒ (x− 4)(x− 5) = 0,

so x = 4, 5. However, only when x = 5 does (x+ 7)(x− 9) become even, so this is the only solution.

Finally, adding our solutions yields the sum 3 + 6− 7 + 9 + 5 = 16.

12. Consider a 4 by 6 grid of unit squares. How many ways are there to color a rectangle

consisting of some of these unit squares such that at least 7 squares remain uncolored?

One such coloring is shown to the right.

Answer: 205

Solution: Choosing 2 vertical lines and 2 horizontal lines uniquely defines a possible rectangle to color,

of which there are
(
7
2

)(
5
2

)
= 210. In 5 of these colorings, less than 7 squares remain uncolored:

All other colorings are valid, as either multiple rows and/or columns are unshaded, or at least one row and

one column are both unshaded. Thus, there are 210− 5 = 205 valid colorings.
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13. Points M and N lie on a circle with center O and radius 12, such that ∠NOM = 60◦. A second circle is

internally tangent to the first circle, and is also tangent to both NO and MO. Within this second circle,

a square is inscribed. What is the area of the square?

Answer: 32

Solution: Let the center of the inner circle be P . Connect P to O and to the points of tangency as shown.

As a consequence of tangency, ∠PBO = ∠PCO = 90◦, and O, P , A are collinear.

Call the radius of the inner circle r. We see that AP = BP = CP = r. By

HL congruence, △OBP ∼= △OCP , so ∠POB = ∠POC = 1
2∠MON = 30◦.

Now, △OBP and △OCP must be 30-60-90 triangles, and PO = 2PC = 2r.

As a result, AO = AP + PO = 3r. However, AO is a radius of the outer

circle, which we know has length 12, so r = 1
3 · 12 = 4.

M

NO

P

AB

C

A square inscribed within this circle has diagonal 2r, so the area would be 1
2(2r)

2 = 2(4)2 = 32.

14. Alice is climbing an escalator, and Bob is climbing a flight of stairs of the same length. Due to the other

people on the escalator, Alice’s speed, relative to the escalator steps, is only 1
4 of her normal walking speed.

Alice and Bob start climbing at the same time. Bob reaches the top 5 seconds before Alice, at which point

Alice is 75% of the way up. Given that they have the same normal walking speed, by how many seconds

would Alice beat Bob to the top if there were no other people on the escalator slowing her down?

Answer: 5

Solution: If the normal walking speed be w, and the escalator’s speed is s, Alice’s net speed is s+ 1
4w.

Alice travels 75% of the distance Bob does in the same amount of time, so s+ 1
4w = 3

4w =⇒ s = 1
2w.

It takes Alice 5 seconds to go the final quarter of the distance, so her total time is 4 · 5 = 20 seconds, while

Bob’s time is 20− 5 = 15 seconds.

If there were no people on the escalator, Alice’s speed would be s+ w = 1
2w + w = 3

2w. This means that

she would take 2
3 the time Bob does, beating him by 1

3 · 15 = 5 seconds.
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15. The first two terms in a sequence are 202 and 4. Successive terms are calculated by taking the average of

the previous two terms. As this sequence continues on for a long time, what value do its terms approach?

Answer: 70

Solution: Let a0 = 202, a1 = 4. For n ≥ 2, we know that an = 1
2(an−1 + an−2). Then,

an =
1

2
(an−1 + an−2),

2an = an−1 + an−2,

an − an−1 = an−2 − an,

an − an−1 = an−2 − an−1 + an−1 − an,

2(an − an−1) = (an−2 − an−1),

an − an−1 = −1

2
(an−1 − an−2).

Thus, the difference between terms of an should be a geometric sequence with common ratio −1
2 .

We can confirm this fact by computing out the first couple of terms of an: 202, 4, 103,
107

2
,
313

4
,
527

8
, · · ·

and comparing it to their differences: −198, 99, −99

2
,
99

4
,−99

8
· · · .

So, using the infinite geometric series formula, the sequence an approaches the value

202− 198 + 99− 99

2
+

99

4
− 99

8
+ · · · = 202 +

−198

1− (−1
2)

= 202− 132 = 70.


