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1. Given that a(1) = 3 and a(n) = a(n− 1) + 12, what is a(5)?

Answer: 51

Solution: Notice that a(5) = a(4) + 12 = a(3) + 12 + 12 = · · · = a(1) + 4 · 12 = 51.

2. In how many different ways can 10001 be expressed as the sum of two prime numbers?

Answer: 0

Solution: The sum of 2 odd numbers is even. Since all prime numbers except 2 are odd, the only way for

two prime numbers to sum to 10001 is with 2 and 10001− 2 = 9999. However, 9999 = 9 · 1111 and is not

prime. Thus, there are 0 ways to express 10001 as the sum of two prime numbers.

3. Silas has 10 clean socks in his drawer. He wears a pair of them, then accidentally puts the dirty socks back

into the drawer. Quickly, he rummages through the drawer, randomly retrieving 4 socks. The probability

that he recovers both dirty socks is p
q , a fraction in simplest form. Find p+ q.

Answer: 17

Solution: Silas needs to grab the pair of dirty socks, along with any of the
(
8
2

)
= 28 possible clean pairs.

Since there are
(
10
4

)
= 210 ways to select 4 socks in general, the probability that he recovers both dirty

socks is 28
210 = 2

15 , so the answer is 2 + 15 = 17.

4. What is the area of the region of the Cartesian plane defined by |x|+ |y| ≤ 4?

Answer: 32

Solution: The given condition can be re-expressed as 4 concurrent conditions:

x+ y ≤ 4, x− y ≤ 4, y − x ≤ 4, −x− y ≤ 4.

These (upon sketching) outline a square region with vertices (4, 0), (0, 4), (−4, 0), and (0,−4), which has

a diagonal of length 8. Thus, the area of the region is 1
2 · 82 = 32.
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5. Adeline is flipping coins, while keeping track of her longest streak of heads in a row. After 8 coin flips, the

probability that her longest streak of heads is exactly 4 can be expressed as m
n , a fraction in simplest form.

What is m+ n?

Answer: 71

Solution: If the heads streak occurs at the beginning, then the sequence is “HHHHT???”. The 3 unknowns

could be either heads or tails, so there are 23 = 8 possibilities here.

If the heads streak occurs at one flip later, then the sequence is “THHHHT??”. The 2 unknowns could be

either heads or tails, so there are 22 = 4 possibilities here.

If the heads streak occurs in the middle, then the sequence is “?THHHHT?”. Again, there are 2 unknowns,

so 4 possibilities here.

The final two cases (streak occurring at the end, or one from the end) are symmetrical to the first two

cases. Thus, there are a total of 8 + 4 + 4 + 4 + 8 = 28 sequences where Adeline’s longest streak of heads

is 4.

The desired probability is thus 28
28

= 7
64 , so the answer is 7 + 64 = 71.

6. Colin is putting his cookies away into jars. First, he tries to put 12 cookies in each jar. This leaves 3 jars

empty, but the rest are filled. He then tries to put 10 cookies in each jar, but he is left with 4 cookies too

many. How many cookies does Colin have?

Answer: 204

Solution: Let j be the number of jars and let c be the number of cookies. We get the following system of

equations: 12(j − 3) = c,

10j + 4 = c.

Solving this, 12j − 36 = 10j + 4 =⇒ 2j = 40 =⇒ j = 20, so Colin had 10 · 20 + 4 = 204 cookies.
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7. Patty the point is standing at (0, 0) on the Cartesian plane. Patty can only move up by 2 units, or to

the right by 2 units, along lattice points. If Patty wants to get to (20, 24), but she must pass through the

points (8, 10) and (16, 16), how many paths can she take?

Answer: 66150

Solution: First, Patty must get to (8, 10). This requires 4 horizontal steps and 5 vertical steps in any

order, so there are
(
9
4

)
= 126 ways for her to do this.

Next, Patty must get from (8, 10) to (16, 16). This requires 4 horizontal steps and 3 vertical steps in any

order, so there are
(
7
3

)
= 35 ways for her to do this.

Finally, Patty must get from (16, 16) to (20, 24). This requires 2 horizontal steps and 4 vertical steps in

any order, so there are
(
6
2

)
= 15 ways for her to do this.

Thus, there are 126 · 35 · 15 = 66150 possible paths for Patty to take.

8. A gardener takes care of three types of flowers in his garden. The marigolds are watered every third day,

the irises are watered every fourth day, and the hyacinths are watered every fifth day. All the plants will be

watered on December 31, 2024. On how many days during 2025 (not a leap year) will none of the flowers

be watered?

Answer: 146

Solution: Since lcm(3, 4, 5) = 60, the pattern of watering repeats every 60 days. At least one type of

flower is watered on (60/3+60/4+60/5)− (60/12+60/15+60/20)+ (60/60) = 36 of those days, so there

are 60− 36 = 24 days where no flowers are watered.

One (non-leap) year is 365 days, which consists of 6 cycles of 60 days and 5 extra days. Days 1 and 2 are

the only days in the first 5 days of the cycle where no flowers are watered.

In total, there are 6 · 24 + 2 = 146 days where no flowers will be watered.
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9. How many permutations of “FOLKLORE” contain a palindrome with length at least 2? For example,

“FLEROLOK” is one such permutation, since “OLO” is a palindrome of length 3.

Answer: 7152

Solution: For a permutation to contain such a palindrome, either the two L’s are consecutive or one apart,

or the two O’s are consecutive or one apart. These conditions aren’t independent, so we use PIE counting.

There are 13 ways to place the two L’s to satisfy this condition (by manual count), and the remaining 6

letters can be permuted in 6!
2! = 360 ways, so there are 13 · 360 = 4680 permutations where the two L’s are

either consecutive or one apart. Symmetrically, the same is true for the O’s.

The overlapping cases where both the two L’s and the two O’s are either consecutive or one apart are:

(i) If the L’s are consecutive and the O’s are consecutive, we can treat the two pairs each as one unit to

find that there are 6! = 720 such permutations.

(ii) If the L’s are together and the O’s are one apart, we can treat the L’s as one unit, choose one of the 4

other letters to fall between the two O’s and treat that as one unit, then permute the two units and 3

remaining letters, for a total of 4 · 5! = 480 such permutations. Symmetrically, this count is the same

for when the O’s are together and the L’s are one apart.

(iii) Finally, if both the L’s and the O’s are one apart, there are two cases:

(a) If the L’s and O’s are all adjacent, then they either appear as “LOLO” or “OLOL”. We can treat

this as one unit and permute with the remaining 4 letters to find 2 · 5! = 240 such permutations.

(b) If the L’s and O’s don’t overlap, then we can choose 1 of the 4 remaining letters to fall between

the L’s and 1 of the 3 remaining letters to fall between the O’s, treating each of these as a unit.

Permuting these two units with the 2 remaining letters gives 4 · 3 · 4! = 288 such permutations.

By PIE, the desired count is thus 2 · 4680− (720 + 2 · 480 + 240 + 288) = 7152.
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10. A circle passes through 2 vertices of a triangle with side lengths 30, 40, and 50. What is the smallest

possible distance between the center of this circle and a vertex of the triangle?

Answer: 7

Solution: In the diagram below, AB = 30, BC = 40, AC = 50, and p, q, r are the perpendicular bisectors

of sides AB,BC,AC, respectively. Point E is chosen such that BE ⊥ AC.

Note that any circle which passes through 2 vertices of this triangle

must have a center which lies on the perpendicular bisector of the

side of the triangle containing those 2 vertices. We therefore want

the minimum distance of a vertex to any of these bisectors.

Since △ABC is a right triangle, all perpendicular bisectors meet at

point D which bisects AC.

As p ∥ AB and r ∥ BC, the minimum distance of a vertex to p and

r is 1
2 · 30 = 15 and 1

2 · 40 = 20, respectively.

A

B C

D

E

p

q

r

The distance from q to A or C is 1
2 · 50 = 25, but the distance from q to B is more involved. In particular,

this distance is equivalent to the length of segment DE.

We note that △AEB ∼ △ABC, so AE
AB = AB

AC =⇒ AE = 302

50 = 18. Thus, DE = AD−AE = 25−18 = 7.

The minimum such distance is thus 7.


