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. Evaluate 13 + 23 + 33 + 43 + 5% + 63 + 73 + 83 4+ 93,

Answer:

Solution: We have

9 2
kS = (Zk) = (1+243+---49)* =452 = 2025.
k=1

B
Il ©
—

. Johnny has 5 different red balls and 10 different blue balls. In how many ways can he choose at least one

ball such that the number of chosen blue balls is double the number of chosen red balls?

Answer:

Solution: We compute
5\ /10 5\ /10 5\ /10 5\ /10 5\ /10
=22 21 21 22 1 = 4651.
<1)(2>+(2><4>+(3)<6>+<4)(8)+<5><10> 5 + 2100 + 2100 + 225 + 65

. Compute

(|2 +|4)).

Answer:
Solution: If 7 | k, then L%J + L%J = k, otherwise L%J + L%J =k—1.
For 1 < k <100, there are 14 multiples of 7. Thus,

> (|%] %)) - [Ze-n

1
+14:§-99-100+14:4964.
k=1 k=1
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. Jimbo shuffles a standard deck of 52 cards fairly, then draws cards off the top until he draws the Ace of
Spades. The expected number of aces drawn (including the Ace of Spades) can be expressed as ¢, where

a and b are relatively prime positive integers. What is a + b?

Answer:

Solution: For sake of brevity, let A be the Ace of Spades.

Consider a particular card C' # A. By swapping C and A, we can associate every permutation of the deck

in which C' is above A with a permutation in which C is below A. Therefore, exactly % of the time, C is

1

drawn by Jimbo, so we expect to see 5 occurrences of C.

There are 3 non-spade aces, each of which we expect to see % times, and we always see the Ace of Spades

once. Thus, we expect to see % +1= % aces, and the answer isa+b=5+2=171.

. An integer a is chosen uniformly at random from the set {1,2,3,4,5}. Then, b is chosen uniformly from
{a,a+1,--- ,5}. Finally, ¢ is chosen uniformly from {b,b+ 1,--- ,5}. What is the expected value of abc?

Answer:
b+5 b(b+5
Solution: Given a choice of b, the expected value of c is %, so Elbc | b] = ( ;_ )
5
1 b(b+5
Given a choice of a, we can compute the expected value of bc as Z ( ;_ ) in the table below:
—a
b=a
a |1 2 3 4 5
31 55 43
Efbc|a] |13 3 5 8 25
The expected value of abc is then
1 1 31 55 43
Elabc] = 5Za-E[bcya] == (1-13+2-2+3-3+4-2+5.25) = 62.

a=1
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. In the 6 x 7 grid shown below, each cell must be colored either black or white. For how many possible

colorings does every 2 x 2 subgrid contain an even number of each color of cell?

Answer:

Solution: Consider a particular 2 x 2 subgrid. No matter how the first row is colored, the second row
must be colored exactly the same or exactly the opposite. The columns follow the same pattern. This

logic extends to the full rows and columns of the full grid, since subgrids overlap.

Now, fix the coloring of the top row. If the leftmost cell in the second row matches the one above, then
the whole second row must match the top row. Similarly, if the leftmost in the second row does not match
the one above, then the whole second row must be colored opposite the first row. The same logic follows

for the columns.

Thus, a valid coloring is entirely fixed by the colors of the first row and first column (in general, any row
and column works). There are 6+7—1 = 12 total cells in the first row and column, for a total of 2!2 = 4096

possible valid colorings.

. Let P(x) be a monic quartic polynomial (i.e. the leading coefficient is 1) such that
P(1) =225, P(2) =625 P(3)=1225, P(4)=2025.

Calculate P(0).
Answer:

Solution: Note that for x € {1,2,3,4}, P(z) = (10x + 5)%. Now, take Q(x) = P(x) — (10z + 5)? which is
also a monic quartic (z* term is untouched). Then, Q(1) = Q(2) = Q(3) = Q(4) = 0, so

Qr) = (z = 1)(z = 2)(z = 3)(x — 4).

The answer is then P(0) = Q(0) + (10 -0+ 5)% = 24 + 25 = 49.
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m
. For 0 < x < 27, the solutions to tan3z + 4tan?z + 4tanz + 1 = 0 sum to mr. Compute m + n.
n

Answer:

Solution: With ¢ = tanx, the equation becomes 0 = ¢3 + 4t + 4t + 1 = (¢t + 1)(t* + 3t + 1) and has
solutions t; = —1, ty = (=3 — /), and t3 = (=3 + v/5). Since 3 > /5, all these roots are negative,

which guarantees values —§ < «, 3,7 < 0 such that tana = t1, tan 8 = t3, tany = t3.

By applying the tangent addition formula twice, we find that

tana + tan 8 + tany + tanatan Stany {1 +ty +t3 + 1ot
1 — (tanatan 8+ tanatany + tan Btany) 1 — (titg + titg + tats)’

tan(o + 8 +7) =

Vieta’s formulas on the polynomial give that the sum of roots is —4, the product of roots is —1, and the
sum of their pairwise products is 4. Thus, tan(a + 5+ ) = % =1.

Since —§ < «, 8,7 < 0, then necessarily —37” <a+p+v<0,s0a+L+v= —%T”.

The solution a € (—F,0) to tana = t; has the corresponding solutions a + 7 and « + 27 on the interval

[0,27). This is also the case for § and . Summing only the solutions in this desired interval gives

3r 15
97r+2(a+5+’y):97r—2~%:77r,

and the answer ism+n=15+2 = 17.

. Consider a strictly increasing function f(x) whose inputs and outputs are all positive integers. If this
function satisfies f(f(f(z))) = 4z, what is f(11)?

Answer:

Solution: Consider f(f(f(1))) = 4. Note that f(1) # 1, otherwise f(f(f(1))) =1 # 4. This means that
f(1) > 1. In order for f(z) to be strictly increasing, f(1) > 1 implies that f(k) > k for all integers k.
Because f(f(f(1))) =4, f(f(1)) <4, f(1) < 3, and because f(1) > 1, f(1) = 2. This makes f(2) = 3, and
fB3) =4

Now consider f(f(f(2))) = 8. f(f(2)) =4, so f(4) = 8. If we consider f(f(f(3))) = 12, we find that
f(8) = 12. Finally, if we consider f(f(f(4))) = 16, we find that f(12) = 16. For f(z) to be strictly
increasing, f(9), f(10), and f(11) all must be different integers between 12 and 16. There are the same
number of integers in both ranges, so each of f(9), f(10), and f(11) must correspond to 13, 14, and 15.
This means that f(11) = 15.
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Points A, B, and C have coordinates (0,0), (4,4), and (10, 0), respectively. Point D satisfies ZBDC' = 45°

and has a negative y-coordinate. If £ is the maximum possible length of segment AD, find ¢2.

Answer:

Solution: Since /BAC = 45° by the inscribed angle theorem, point D must lie on the part of the
circumcircle of AABC below the xz-axis. The length of AD is therefore maximum when AD is a diameter

of the circumcircle.

The circumradius r is given by

(AB)(BC)(AC) _ (4v2)(v52)(10) _ oo

"T U 4ABC] T 4(l-10-4)

If the formula for r is not familiar, intersecting the perpendicular bisectors of AB and AC gives the
circumcenter to be at point (5, —1), similarly giving r to be v/52 + 12 = 1/26.

In either case, £2 = (2r)? = 426 = 104.

For some integers a, b, and ¢, exactly three of the following four statements hold true. Find a + b + c.
(i) A regular polygon with a sides has its interior angles equal to b°.

)
(ii) An equilateral triangle with an area of by/3 has a side length of c.
(iii) A right triangle can be formed with side lengths 2a, ¢, and 16.
(iv) A rhombus with one of its angles equal to 9a° and a side length of ¢ has an area of b.

Answer:

Solution: Assume (ii) is true. The equilateral triangle with side length ¢ has area e

V3 2
1 € 1

,80 b=

Now suppose (iv) is true. By the triangle sine area formula, half of the rhombus would have area
%02 sin(9a°), so b = ¢?sin(9a°). Since 30°, 90°, and 150° are the only positive angles less than 180°
with rational sine values, a = 10, as 30 and 150 aren’t divisible by 9. Thus, the rhombus is a square and

b= c2.

Statements (ii) and (iv) can’t be simultaneously true, but b must be a perfect square regardless of which
one is true. By condition (i), b must be equal to 144, as no other interior angle of a regular polygon is a
perfect square (simply check 64 through 169). Thus, (a,b,c) = (10,144, 12) and statement (ii) is false.

The answer is then 10 + 144 + 12 = 166.
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Determine the unique four digit integer n whose positive divisors 1 = dj < dy < --- < dj2 = n satisfy:

3dsdg = d;2, dy + ds + d7 = dsdy = dg.

Answer:

Solution: There are an even number of divisors, so we know that d;di3_; = n for all 1 <7 < 12.

Since 3dsdg = d12 = n, we know that 3 | n. We also know that dqdg = n = 3dsdg = ds = 3ds. Here,
d3 < 2d3 < 3ds = dy, but ds,ds are consecutive divisors, so 2d3{n = 21 n, so necessarily da = 3.

Now, dg = d3dy = 3d3, and n = dsds > dsds = (3d3)(3d3) = 9d3. Then, n < 9999 = d3 < 10. Since d3

must also be odd, it is one of 5, 7, or 9. Let’s split into cases:

1. If d3 =9, then dg = 3-92 = 3% = 243 and dy = dg — d; — d3 = 243 — 1 — 9 = 233. However, 3 { 233,
which forces n to be at least 233 - 243 > 9999, so this case can be eliminated.

2. If d3 =7, then dg = 3- 7% = 147 and d7 = 147 — 1 — 7 = 139. Here, 3 1 139 and 7 { 139, forcing n to
be at least 147 - 139 > 9999, so this case can be similarly eliminated.

3. Thus, d3 is forced to be 5, s0dg =3-52 =75 and d; = 75— 1 —5 = 69 = 3-23. We find that n
therefore contains at least the prime factors 3, 52, 23 which gives n at least (1+1)(2+1)(1+1) = 12

divisors, and we cannot include any more prime factors.

Thus, the answer is 3 - 5% - 23 = 1725.

Consider a sequence a1, a9, as, - - ,ar with a1 = 20, ag = 25, and a; = 1. For 3 <n <k,

(p—20p—1 — ap—2 — 1

Ay —
Ap—1 — 1

Find k.

Answer:

Solution: Multiplying out the recurrence relation, we see that

ApQp—1 — Qp = Ap_20p_1 — Ap—2 — 1,
Aplp—1 — Qp — p—1 +1=ap_1ap—2 — Ap_1 — Ap_2,

(an — D(apn-1—1) = (ap—1 — (ap—2—1) — 1.

We know that (a; — 1)(ag — 1) = 19 - 24 = 456, so then (az — 1)(ag — 1) = 455. Continuing this pattern,
we find that (a456 — 1)(ag57 — 1) = 1 and (ag57 — 1)(ag58 — 1) = 0. Necessarily, (as57 — 1) # 0, and we can
conclude that a4s8 =1 = k = 458.
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Let S be the set of all possible products of a non-empty subset of {2,3,5,7,11}. How many ways are there

to select a subset of at least 1 but at most 4 different numbers from S whose product is square?
Answer: | 1240
Solution: There are 2° — 1 = 31 non-empty subsets of {2,3,5,7,11}, so there are 31 numbers in S.

A square product is formed if and only if the total number of times that each prime factor appears among

the chosen numbers is even. Let’s split into cases by the amount of chosen numbers:

1. If only 1 number is chosen, it cannot be square. No number in S is square, as they must consist of at

least one prime with odd exponent. There are no ways to select 1 number whose product is square.

2. For the product of two numbers in S to be square, each prime must appear either in both or in neither,
forcing the two numbers to be equal, which is not allowed. There are therefore no ways to select 2

numbers whose product is square either.

3. Fix a choice of two distinct numbers x,y € S. Now, we can choose z € S to be the number whose
prime set is exactly the primes that appear in exactly one of x,y. Then, in xyz, each prime appears

either 0 or 2 times, so xyz is square.

Importantly, x, y, z are necessarily distinct, since if any pair were equal, the product of that pair would

be square and it would force the third number to be 1 ¢ S.

Since each valid set of 3 could be produced by (;’) = 3 different initial choices of 2 numbers, the total

131
= = 155.
i()

4. Fix a choice of three distinct numbers z,y,z € S where xyz is not already square. We can choose

number of valid 3-number subsets is

w € S to be the number whose prime set is exactly the primes that appear in an odd number of times

in z,y, z. This forces zyzw, and since xyz is not square, we know that w # 1.

Now, w is necessarily distinct from x,y, z. If w = z, then wx is square and therefore so is yz, forcing

y = z, which we know is not the case. Symmetrically, w is distinct.

There are (331) — 155 = 4340 possible choices of 3 numbers whose product is not already square. Since
each valid subset of 4 numbers can be produced by one of (g) = 4 choices of initial 3 numbers, the

total number of valid 4-number subsets is
1
1(4340) = 1085.

In total, there are 155 4 1085 = 1240 valid subsets.
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In triangle ABC, let AB = 52, BC = 56, and CA = 60. Let H be the orthocenter and O be the
circumcenter of AABC. Let M be the midpoint of BC. Compute the area of quadrilateral AOMH.

Answer:

Solution: Let D and FE be the foots of the altitudes dropped from A and B, as shown in the diagram.

Note that ABC' is similar to a 13-14-15 triangle, so BD = 20,

A
CD =36, and AD = 48. Thus, M D = 8.
Since AH || OM, and AOMH is a trapezoid, and we desire its
area 3(MD)(AH + OM). E
52
We can use th}%1 g}w of sines to find that the circumradius must o0
H
be OA= ——— =60-22 =6, 0]
¢ 2sin ZABC 9% 2
Thus, OM = VOC? — MC? =/ (8)® — 282 = 3. l
B 20 DS8SM 28 C
Lastly, we note that ABDH ~ ABEC ~ ANADC, so
CcD 3
AH=AD—-HD =48~ BD -—— =48 -20-- =
8 1D 8 —20 1 33,

and the desired area is g <33 + 323> = 198.



