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1. For some x > y > 0, it is known that xy = yx and x = y3. Compute
√
xy.

Answer: 3

Solution: Substituting gives y3y = yy
3
, so either y = 1 or 3y = y3. However, y = 1 =⇒ x = 1 and since

x > y, we can discard this case. Thus, 3y = y3, so either y = 0 or y2 = 3. We can discard the y = 0 case

as y > 0, and then we compute
√
xy =

√
y4 = y2 = 3.

2. How many ways can 4 distinct integers w, x, y, z be chosen from {1, 2, 3, · · · , 8} such that w < x > y < z?

Answer: 350

Solution: In order for w < x > y < z, we only need to consider the relative sizes of w, x, y, and z. Because

of this, it is easiest to count the number of working sets by first selecting a subset of 4 distinct integers

from {1, 2, 3, · · · , 8} and then deciding the order.

Without loss of generality, we select the four integers to be a < b < c < d. Because we know that the

smallest number a must be w or y, and the largest number, d, must be x or z, there are only 8 cases to

consider (for each of 4 placements of a, d there are two placements of b, c), and we find 5 valid orderings:

a < c > b < d, b < c > a < d, a < d > b < c, b < d > a < c, c < d > a < b

There are
(
8
4

)
ways to select a < b < c < d to be distinct integers from 1 to 8. Therefore, the total number

of cases is 5 ·
(
8
4

)
= 350.

3. Determine the sum of the distinct prime factors of 899899899899 if it has exactly one prime factor greater

than 1000.

Answer: 10093

Solution: First, factor as follows: 899899899899 = 899899 · 1000001 = 899 · 1001 · 1000001.

We see that 1001 = 7 · 11 · 13 and 899 = 900− 1 = 302 − 12 = (30− 1)(30 + 1) = 29 · 31.

Then, 1000001 = 1010101− 10100 = 101 · (10001− 100) = 101 · 9901.

Since 2, 3, 5, 7 do not divide 9901 (and 9901÷ 11 < 1000), it must be the one prime divisor of n that is at

least 1000. Thus, the answer is 7 + 11 + 13 + 29 + 31 + 101 + 9901 = 10093.
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4. In △ABC, points D and E lie on BC such that ∠BAD = ∠DAE = ∠EAC and BD < BE. Point F lies

on the extension of CA such that AF = AD. Given that BF ∥ DA and ∠BAC = 111◦, how many degrees

does ∠ACB measure?

Answer: 32

Solution: Extend CA to F so that BF ∥ DA and connect DF , BF as shown.

Since AD = AF and AD ∥ BF, we have ∠AFD = ∠ADF = ∠BFD.

Then, 2∠AFD = ∠AFB = ∠CAD = 2
3 · 111◦ = 74◦, so ∠AFD = 37◦.

Thus, ∠BFD = 37◦ = 1
3∠BAC = ∠BAD, so BFAD is cyclic.

A

BC DE

F

Now, ∠CDA = 180◦ − ∠ADB = ∠AFB = 74◦, so ∠ACB = 180◦ − ∠CAD − ∠CDA = 32◦.

5. Find the integer m > 1 that divides both n3 + 1 and (n+ 1)3 + 1 for some integer n.

Answer: 7

Solution: Factoring the two given expressions in n using the sum of cubes formula gives

n3 + 1 = (n+ 1)(n2 − n+ 1),

(n+ 1)3 + 1 = (n+ 2)(n2 + n+ 1).

We are looking for these expressions to share a factor greater than 1.

Clearly, n+ 1 cannot share such a factor with n+ 2 or with n2 + n+ 1 = n(n+ 1) + 1.

Also, (n2 + n+ 1)− (n2 − n+ 1) = 2n. Since both n2 + n+ 1 and n2 − n+ 1 are odd and not divisible by

n, they cannot share such a factor either.

Thus, the shared factor must occur between n2 − n + 1 and n + 2. By the Euclidean algorithm, since

(n2 − n+ 1)− (n+ 2)(n− 3) = 7 is prime, the shared factor is either 1 or 7.

Take n ≡ −2 mod 7, then (n2−n+1)− (n+2)(n−3) ≡ 4+2+1−0 ≡ 0 mod 7, and indeed m = 7 works.
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6. Consider the polynomial p(x) = x5 + Ax4 + Bx3 + Bx2 + Ax+ 1, for some real values A and B. Let the

five unique real roots of p(x) be r1, r2, r3, r4, r5. If r1 = 20 and r2 = 25, compute 100(r1+r2+r3+r4+r5).

Answer: 4409

Solution: Since p(x) has palindromic coefficients, for x ̸= 0,

x5p(x−1) = x5(x−5 +Ax−4 +Bx−3 +Bx−2 +Ax−1 + 1) = 1 +Ax+Bx2 +Bx3 +Ax4 + x5 = p(x).

If r ̸= 0 is a root of p(x), then p(1r ) = r−5p(r) = 0, so we find that 1
r is also a root. Thus, we know that

r3 =
1
20 and r4 =

1
25 are also roots.

Finally, by Vieta’s formulas, the product of the roots must be −1, so the final root must be r5 = −1.

Thus, the desired quantity is

100

(
20 + 25 +

1

20
+

1

25
− 1

)
= 2000 + 2500 + 5 + 4− 100 = 4409.

7. Define a sequence recursively by a1 = 10 and an =
√
a2n−1 + 1 − 1 for all integers n ≥ 2. Compute

⌊a1 + a2 + · · ·+ a2025⌋.

Answer: 59

Solution: Since
√
x2 + 1 > 1 =⇒

√
x2 + 1 − 1 > 0 for nonzero x, the sequence is always positive.

Moreover, when x is positive, x2 + 1 < x2 + 2x + 1 =⇒
√
x2 + 1 < x + 1 =⇒

√
x2 + 1 − 1 < x, so the

sequence is strictly decreasing as well. Estimating some terms shows a quick asymptotic approach to 0.

When n ≥ 2, we have

an + 1 =
√

a2n−1 + 1 =⇒ a2n + 2an + 1 = a2n−1 + 1 =⇒ an =
1

2

(
a2n−1 − a2n

)
.

Analyzing the sum, we find

a1 + a2 + · · ·+ a2025 = a1 +
1

2

[
(a21 − a22) + (a22 − a23) + · · ·+ (a22024 − a22025)

]
,

= a1 +
1

2
(a21 − a22025),

= 60− 1

2
a22025.

We know that a2025 is some very small positive value, so ⌊a1 + a2 + · · ·+ a2025⌋ =
⌊
60− 1

2
a22025

⌋
= 59.



RAMC 2025 High School Invitational Solutions 9/20/2025

8. Parallelogram ABCD is drawn with AB = 3, BC = 7, and AC = 6. If point P satisfies AP + CP = 10,

find the maximum possible area of △BDP .

Answer: 20

Solution: Since AB+CB = AD+CD = AP +CP = 10, point P must lie on a ellipse with foci A and C

containing B and D. The focal sum of this ellipse is 10, so the length of the major axis is 10. The length

of the minor axis is then
√
102 −AC2 =

√
102 − 62 = 8.

If we scale (“squish”) the plane along the major axis by a factor of 4
5 , the ellipse turns into a circle with

diameter 8, as shown below. Importantly, this transformation scales all areas by a factor of 4
5 as well.

A

B

C

D

A′

B′

C ′

D′ P ′

Let the new position of ABCD be A′B′C ′D′, and let the new position of P be P ′. Since B and D were

opposite each other with respect to the center of the ellipse, B′ and D′ are opposite each other with respect

to the center of the circle. Thus, B′D′ is a diameter.

The area of △B′D′P ′ is maximized when P ′ is the midpoint of the arc
>
B′D′. This makes △B′D′P ′ a

45-45-90 triangle with hypotenuse 8 and area
1

2
(4
√
2)2 = 16.

To find the desired area, we undo the scaling of (“unsquish”) the plane to find that △BDP has area

16 · 5
4
= 20.
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9. Consider point A1 = (x1, y1) on the Cartesian plane. For n > 1, the point An is generated from An−1 by

rotating An−1 by π
3 radians clockwise around the origin, then dividing both coordinates by 2, and finally

decreasing the x-coordinate by 1. Given that A2025 is exactly the origin, find x1.

Answer: −1

Solution: Consider placing each point An = (xn, yn) on the complex plane at an = xn + iyn. Then,

an =
1

2
e−

π
3
i · an−1 − 1 =⇒ 2e

π
3
i · (an + 1) = an−1.

Using this recurrence relation, a2025 = 0, a2024 = 2e
π
3
i, a2023 = 2e

π
3
i(2e

π
3
i + 1) = (2e

π
3
i)2 + 2e

π
3
i, · · · , so

a1 =

2024∑
j=1

(2e
π
3
i)j .

This is a geometric series, so using the formula for the sum of a geometric series, we find that

a1 =
1− (2e

π
3
i)2025

1− 2e
π
3
i

− 1,

=
22025e

2025π
3

i − 1√
3i

− 1,

=
−22025 − 1√

3i
− 1.

Note that x1 is exactly the real part of a1, which is −1.
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10. A point (x, y) is chosen uniformly randomly from the rectangle 0 ≤ x ≤
√
3, 0 ≤ y ≤ 2. A frog is

then placed at this point on the Cartesian plane, initially facing the +y direction. Every second the

frog randomly turns either 0◦, 120◦, or 240◦ clockwise (with equal probability), then jumps 1 unit in the

direction it is facing. It repeats this process of turning and jumping, stopping when it jumps out of the

rectangle and lands on its final position (a, b). The probability that b > 2 can be expressed as m
n , where

m and n are relatively prime positive integers. Compute m+ n.

Answer: 13

Solution: The frog can jump in 3 possible directions: only +y, both −y and +x, or both −y and −x.

The probability that the frog ends its jumping at a point with y-coordinate

greater than 2 is exactly the probability that the frog’s final jump is in the

+y direction, since a final jump in the −y direction necessarily yields a

y-coordinate less than 2.

Now, split the original rectangle into four congruent regions A,B,C,D

with 0 ≤ y ≤ 1
2 ,

1
2 ≤ y ≤ 1, 1 ≤ y ≤ 3

2 , and
3
2 ≤ y ≤ 2, as shown.

y = 3
2

y = 2

y = 1
2

y = 1

y = 0
A

B

C

D

From positions in region B, C, and D, there is a 1
3 chance that the frog exits by jumping in a −y direction.

This is because the two −y direction jumps place the frog at positions that differ in the horizontal direction

by a distance of
√
3, which is exactly the width of the rectangle. So, one of those two −y jumps causes

the frog to exit the rectangle out the side, and the other puts the frog in the region directly below (the −y

change is exactly 1
2). From region A, both −y direction jumps cause the frog to exit the rectangle.

For the +y direction, in regions A and B this jump keeps the frog in the rectangle, going to regions C and

D, respectively. In regions C and D, the +y jump causes the frog to exit the rectangle.

Denote by PA, PB, PC , PD the probability that the frog’s final jump is in the +y direction given that it’s

current position is in region A,B,C,D, respectively. We then obtain a system of linear equations relating

these probabilities:

PA =
1

3
PC , PB =

1

3
PA +

1

3
PD, PC =

1

3
+

1

3
PB, PD =

1

3
+

1

3
PC .

Solving this system gives PA = 2
15 , PB = 1

5 , PC = 3
5 , and PD = 7

15 . Since the regions are equal in area, the

probability that the frog begins in any region is the same. Thus, the desired probability is

1

4

(
7

15
+

6

15
+

3

15
+

2

15

)
=

3

10
,

and the answer is m+ n = 3 + 10 = 13.


