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. Elizabeth can eat 31 burgers in two minutes. How many minutes will it take her to eat 1860 burgers?

Answer:

Solution: We find that 1860 = 31 = 60, so it takes 60 two-minute cycles for Elizabeth to finish 1860

burgers, or 2 - 60 = 120 minutes.

. The sequence of figures below starts with one equilateral triangle with side length 1. The second figure
is formed by attaching a congruent equilateral triangle to the right side of the previous figure, as shown.

This process is continued, forming a line of triangles. What is the perimeter of the tenth figure?
A/; /;;\/;;
Answer:

Solution: Every time a triangle is added, the newly shared side no longer contributes to the perimeter,

but two new sides are added to the perimeter. So, adding a triangle increases the perimeter by 2 — 1 = 1.

The first figure has perimeter 3. By the tenth figure, 9 more triangles have been added, so it has perimeter
3+9=12.

. Given that zy* = 100000 and 23y~! = 100, find 22 + 3.
Answer:

Solution: Multiplying the first equation by the fourth power of the second gives

(;Uy4)(:c3y_1)4 —_ (105)(102)4 _— IL‘13 — 1013 — 7 =10.

Substituting into the second equation, we find that

103y~ 1 =10> = y =107 = y=10.
Thus, 22 + y? = 102 4+ 10% = 200.

. For how many pairs of positive integers (a,b) does ab = 40967

Answer: @

Solution: Since 4096 = 22, if integers a, b satisfy a® = 4096, then a = 2¢ for some integer c.

Now, a® = (2°)? = 2%¢, and we require that bc = 12. Thus, b can be any divisor of 12, with a = 2%,

Since 12 = 22 -3 has (2 + 1)(1 + 1) = 6 positive divisors, there are 6 such pairs of integers.
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. Amy has some candies. She eats % of them, then gives the rest to Bob. Bob eats % of the remaining
candies, then gives the rest to Cam. Cam eats i of the remaining candies, then gives the rest to Dan. Dan
eats % of the remaining candies, then gives the rest to Eva. Eva eats all the remaining candies. If everyone

ate a positive whole number of candies, what is the least number of candies that Bob could have eaten?

Answer:

Solution: Let’s track the portion of the total number of candies each person eats.

Amy eats % of the total candies.

Bob eats % . % = 1% of the total candies.

Cam eats % . % B % of the total candies.

4 _1 .
Dan eats z - g - § - 7 = g of the total candies.
Finally, Eva eats the remaining = - 2 -2 -2 = % of the total candies.

For everyone’s portion to be a whole number, the total number of candies must be divisible by all of the

denominators, so it is a multiple of lem(5, 15,6, 8,8) = 120. Thus, at minimum Bob eats 120 - % = 16.

. Rectangle ABC'D measures 5 by 24, and its long sides are divided into smaller segments and connected as
shown. If points M and N bisect sides AD and BC), respectively, compute the area of the shaded region.
A 6 6 4 3 3 2B
[EZ ST,

D 8 4 4 4 4 O

Answer: m

Solution: The white triangles all have height % and their bases exactly span the segment M N with length
24. Thus, the white regions have total area % . g -24 = 30, and the shaded region has area 5 - 24 — 30 = 90.
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. On Kenny’s 22-mile walk to work, he walks uphill for the first M miles, then downhill the rest of the way.
Kenny can only walk 3 miles per hour when going uphill, but he can walk 4 miles per hour going downhill.

If his return journey from work along the same path takes 10 minutes longer, what is M?

Answer:

Solution: On the way to work, Kenny walks M miles uphill, which takes % hours, then he walks 22 — M

miles downhill, which takes % hours.

On the return journey, the uphill/downhill segments swap, so the uphill part takes 22gM hours and the

downhill part takes % hours.

The return journey takes % of an hour longer, so

1 2-M M M  22-M 22 —2M

6 3 4 3 4 12

. Find the smallest positive multiple of 7 that leaves a remainder of 1 when divided by 3, 4, or 5.

Answer:

Solution: Let the desired number be n. We know n leaves remainder 1 when divided by 3, 4, and 5. Since

3,4,5 are coprime, n = 1 mod 60, so n = 60k + 1 for some positive integer k.

Since 60 = 4 mod 7, we know 60k + 1 = 4k + 1 mod 7. Since 4 -5+ 1 = 21 is divisible by 7, taking k = 5
yields the smallest solution, 60 -5+ 1 = 301.

. How many even three-digit integers have digits which sum to 187

Answer:
Solution: Consider such a three-digit integer ABC. Given that A+ B+C = 18, we know A+ B = 18—-C.

For a particular value of C', since digits can only range from 0 to 9, digits A and B must take values from
(A,B)=(9,18—C —9),(8,18—C —8),---,(18 = C —9,9),

of which there are 9 — (18 — C' —9) + 1 = C + 1 possibilities.

Digit C' must be one of 0,2,4,6,8, so the minimum value of 18 — C' — 9 is 1, and there are only positive
digits available for A and B. Across all possible values of C, there are 1 +3 +5+ 7+ 9 = 25 such integers.
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Jimbo shuffles a standard deck of 52 cards fairly, then draws cards off the top until he draws the Ace of
Spades. The expected number of aces drawn (including the Ace of Spades) can be expressed as ¢, where

a and b are relatively prime positive integers. What is a + b?

Answer:

Solution: For sake of brevity, let A be the Ace of Spades.

Consider a particular card C' # A. By swapping C and A, we can associate every permutation of the deck

in which C' is above A with a permutation in which C is below A. Therefore, exactly % of the time, C is

1

drawn by Jimbo, so we expect to see 5 occurrences of C.

There are 3 non-spade aces, each of which we expect to see % times, and we always see the Ace of Spades

once. Thus, we expect to see % +1= % aces, and the answer isa+b=5+2=171.

Adrian, Bernie, Carla, and Denise are going to the movies. How many ways can the four of them sit in a

row of six seats if Adrian won’t sit next to Bernie and Carla won’t sit next to Denise?

Answer:

Solution: There are 6-5-4 -3 = 360 ways to seat everyone without restrictions. We will proceed with

complementary counting.

First, we count the number of seatings in which Adrian and Bernie are sat next to each other. We can do
this by first removing a seat, then seating everyone except Bernie. There are 5-4 -3 = 60 ways to do this.
Then, the seat for Bernie is slotted in to the left or the right of Adrian, for a total of 60 -2 = 120 such
seatings. By symmetry, this is also the number of seatings in which Carla and Denise are sat next to each
other.

Now, we count the number of seatings in which Adrian is sat next to Bernie and Carla is sat next to
Denise. We can do this by again first removing two seats, then seating only Adrian and Carla. There are
4 -3 = 12 ways to do this. Afterwards, we can slot in a seat for Bernie either left or right of Adrian, and
the same for Denise, either left or right of Carla. Each decision adds a factor of 2, for a total of 12-22 = 48

such seatings.

By the principle of inclusion-exclusion, there are 120 + 120 — 48 = 192 seatings in which at least one of
the pairs are next to each other. Thus, if both pairs are not next to each other, there are 360 — 192 = 168

valid seatings.
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An equilateral triangle and a regular hexagon have the same side length. The triangle forms the base of a
pyramid, while the hexagon forms the base of a prism. If both solids have the same volume, what is the

ratio of the height of the pyramid to the height of the prism?

Answer:

Solution: Let the shared side length be s.

The equilateral triangle has area @s% so if the pyramid has height h, its volume is % (%sz) h = gs%.

The regular hexagon has area %\/382, so if the prism has height H, its volume is %\/332H .

Equating the two volumes, we find that

V3 5. 3 1 3 h

The polynomial 22 — 622 4+ 92 — ¢ has a pair of roots which are reciprocals of each other. Compute the

product of all possible values of c.
Answer: E

Solution: By Vieta’s formulas, the product of the 3 roots must be ¢, but since two of the roots are

reciprocals (and thus multiply to 1), ¢ itself must be a root. Evaluating the polynomial at its root ¢ gives

0=c®—6c*+8=clc—2)(c—4).

If ¢ = 0, then the polynomial reduces to 3 — 622 4+ 9z = x(x — 3)2, which does not satisfy the reciprocal

root condition. Thus, ¢ # 0, and the possible values of ¢ are 2 and 4, the product of which is 2 -4 = 8.
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Find the value of x that satisfies the infinite sum:

89 4 9 4 9 4
11z 22 a3 24 25 26

Answer:

Solution: We can rewrite the equation as

8 (9 aN(, 1.1,
11 \z a2 x?2 ot '

9 4

This is an infinite geometric series with initial term £ — -5 and common ratio %2 In order for this sum to

be finite, we require that :%2 <l = z>1.

Applying the formula for an infinite geometric series, we find that

8 f-2 9%-4 2 9z-—14
mo1-4%5 22 22-1 221

Cross-multiplying gives the quadratic 822 — 8 = 99z — 44 = 0 = 82% — 992 + 36 = (8z — 3)(x — 12),

with solutions at x = % and x = 12. Since we need x > 1, the answer must be x = 12.

Every 5-digit palindromic positive integer is listed in order from least to greatest. If integers p and ¢ are

consecutive in this list with p < ¢, compute the sum of all possible values of ¢ — p.

Answer:

Solution: Suppose p = ABCBA for digits A, B,C. Notice that as ABC' increases, so does p, as these
are its most significant digits. Since we get exactly one palindrome for every choice of A, B, C, the next

consecutive palindrome ¢ is given by increasing ABC' by 1.

There are 3 cases, depending on how many carries happen when we add 1 to ABC:

(a) C #9. Here, q—p=AB(C +1)BA — ABCBA = 100.

(b) C =9 but B+#9. Here, g—p = A(B+ 1)0(B + 1)A — AB9BA = 110.

(c) B=C=9but A#9. Here, g —p = (A+1)000(A+1) — A999A = 11. Note that A # 9 because

otherwise p = 99999 which is the largest 5-digit palindrome, so there is no larger palindrome gq.

Thus, the sum of all possible values of ¢ — p is 100 + 110 + 11 = 221.



