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. Find the positive integer base b such that 151, = 671¢.
Answer: @

Solution: In base 10, b>+5b+1 = 67. Factoring the polynomial gives (b+11)(b—6) with solution b = —11

or b = 6. Since we require a positive base, the answer is b = 6.

. Jeff rolls a fair six-sided die 2025 times. Call the results from these dice rolls a, as,- - ,ag025. For all
integers 1 < n < 2025, he marks the point A4,, = (n,a,) on the Cartesian plane. Jeff’s pet ant Xook then
walks in a straight line from A; to As, then from As to As, and so on, finally stopping at Asges. What is

the expected number of times that Xook crosses the line y = % on his journey?

Answer:

Solution: For 1 <n <2025, A,4+1 has a % chance of being on the opposite side of y = % as A,, and thus

the expected number of times segment A, A, 1 crosses the line is %

There are 2025 — 1 = 2024 such segments, so we expect Xook to cross the line 202—24 = 1012 times.

. The real numbers x and y satisfy the following system of equations:

222 — 1 = zy,
2y% — 1 = 3xy.

The positive difference between the maximum and minimum possible values of x can be expressed as

a + by/c, where a, b, and ¢ are integers and c is square-free. Compute a + b+ c.

Answer:

Solution: Adding the equations, we get 222 +2y? -2 =42y = (v—y)’=1,s0x =y+l — y=o=£l.

1++5

Ify=2+1,then22? —1=2(z+1) = 22 -2 —1=0,and z = 5

—1++5
SRR

Thus, the positive difference between maximum and minimum values of z is

Ify=2—1,then22? —1=z(z—1) = 22+2—-1=0,and v =

1+2\/5—_1;\/5:1+\/5,

so the answerisa+b+c=1+14+5=7.
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. Square ABCD has side length 12, and its diagonal BD has midpoint M, as shown. A B
A semicircle tangent to sides AB and AD is placed with its diameter on BD and its @
center at M, and a quarter circle tangent to BD is placed with its radii on BC' and
CD and its center at C. What is the area of the shaded region?

Answer:
Solution: We split the square along BD, and calculate the shaded area above and below this diagonal.

Above BD, the shaded region has area equal to the difference between AABD and the semicircle. Since
this semicircle is tangent to AB and has center at M, the radius is exactly the distance from M to AB, or

half the side length of the square. Thus, the area here is

1

2_ T 62 —79_
5(12)> = 2(6)° = 72— 18

Below BD, the shaded region is just the quarter circle. Since it is tangent to BD and its center is at C,
the radius is M C, which has length - - 12. Thus, the area here is

V2
7 [ 12\2
— | —= | = 18m.
4(\@> 5T

In total, the shaded region has area 72 — 187 + 187 = 72.

. How many ways can 4 distinct integers w, x,y, z be chosen from {1,2,3,--- 8} such that w < x >y < 27
Answer:

Solution: In order for w < z > y < z, we only need to consider the relative sizes of w, z,y, and z. Because
of this, it is easiest to count the number of working sets by first selecting a subset of 4 distinct integers
from {1,2,3,---,8} and then deciding the order.

Without loss of generality, we select the four integers to be a < b < ¢ < d. Because we know that the
smallest number a must be w or y, and the largest number, d, must be x or z, there are only 8 cases to

consider (for each of 4 placements of a, d there are two placements of b, ¢), and we find 5 valid orderings:

a<c>b<d, b<c>a<d, a<d>b<c, b<d>a<c c<d>a<b

There are (i) ways to select a < b < ¢ < d to be distinct integers from 1 to 8. Therefore, the total number
of cases is 5 - (i) = 350.
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. Positive integers a and b satisfy logyggs (1ogsa (logos (219999))) = 0. Find the sum of all possible values of b.

Answer:

Solution: Repeatedly raising both sides by the base of the logarithm gives

1082095 (10854 (loggs (2'°°°?))) = 0 = logga (logys (2'%%)) = 1 = logy (2'%) = 5°.

However, logarithm rules also yield

10000 “ 10000
— =5 — b= Fa

lngb (210000)

Since 10000 = 10* = 2% . 5% @ > 0 must be one of 1, 2, 3, or 4, corresponding with b = 2000, 400, 80, 16.
Thus, the answer is 2000 + 400 + 80 + 16 = 2496.

. A six-sided die is rolled and rerolled until every possible result (1 to 6) is seen at least once. The expected

number of rolls can be written as 7, where m and n are relatively prime positive integers. Compute m +n.

Answer:

Solution: We will consider the expected number of rolls to obtain each successive unique result.
The first unique result is always obtained on the first roll.

The second unique result must be one of the 5 remaining, and is rolled with probability %. Thus, we expect

g more rolls to see the second unique result.

Similarly, the third unique result must be one of the 4 remaining, and is rolled with probability %, SO we

expect % more rolls to see the third unique result.
Continuing the pattern, we find that the expected number of rolls to see every unique result is

6,6 6 6 6 6 147
6 5 4 3 2 1 10’

and the answer is m +n = 147 4+ 10 = 157.
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. Square ABCD has side length 12. If point F lies on side AD, find the minimum possible length of AF
such that the circumcircle of triangle ABFE intersects C'D.

Answer: @

Solution: Denote by ¢ the length of AF, which is minimized when the circumcircle is tangent to side C'D

(moving point E closer to D will simply give more points of intersection).

Let P and @ be the midpoints of AB and CD, respectively. Because A P B
the circumcircle contains A and B, the point of tangency must lie on the

perpendicular bisector PQ of AB, exactly at Q. )

Since AABFE has a right angle at A, segment BE must be a diameter o

of its circumcircle with the circumcenter O at its midpoint. Notice that E

triangles BPO and BAFE are similar, since BP = %AB and BO = %BE.

Thus, OP = %AE = %E, and P, @, O are collinear. D Q ¢

The Pythagorean theorem yields AB? + AE? = BE? = (20F)?, and since OF = OQ, we have

1 1
OF = PQ - OP = 5\/122+£2:12—§£ — 1224+ 2= (24— 0)? = (=09.

. A positive integer with an even number of digits is called “3-separable” if when split in half, the first half
is thrice the second half. For example, 2408 is 3-separable, since 24 = 3 - 8. How many integers with at

most 8 digits are both even and 3-separable?

Answer:

Solution: For these 3-separable numbers with 2N digits, every multiple of 3 that is at least N digits long
can be placed in the first half to produce a valid choice for the second half. Since we additionally require

the integers to be even, we need to look for multiples of 6 in the first half instead.
Let’s break into cases by the possible even digit counts.
(a) 2 digits: The first digit can only be 6, forming the integer 62, a total of 1 even 3-separable integer.

(b) 4 digits: The first two digits can be between 12 (making 1204) and 96 (making 9632), inclusive, for a

total of % + 1 = 15 even 3-separable integers.

(c) 6 digits: The first three digits can be between 102 (making 102034) and 996 (making 996332), inclusive,
for a total of w + 1 = 150 even 3-separable integers.

(d) 8 digits: The first four digits can be between 1002 (making 10020334) and 9996 (making 99963332),

f 9996g1002 +

inclusive, for a total o 1 = 1500 even 3-separable integers.

In total, there are 1500 + 150 4+ 15 + 1 = 1666 such integers.
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In AABC, points D and F lie on BC such that /BAD = /DAE = /EAC and BD < BE. Point F lies
on the extension of C'A such that AF' = AD. Given that BF || DA and ZBAC = 111°, how many degrees
does ZAC B measure?

Answer:
Solution: Extend C'A to F' so that BF || DA and connect DF, BF as shown. F
Since AD = AF and AD || BF, we have ZAFD = ZADF = /BFD. A

Then, 2/AFD = /AFB = /CAD = 2 -111° = 74°, so ZAFD = 37°.

Thus, ZBFD = 37° = %ZBAC = /BAD, so BFAD is cyclic. C E D B
Now, Z/CDA =180° — LZADB = ZAFB = 74°, so ZACB = 180° — ZCAD — Z/CDA = 32°.



