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. A jacket costs $200. Its price is raised by 20%, and later the new price is discounted by 20%. What is the

final price, in dollars?

Answer:

Solution: After raising the price by 20%, the new price is 200 - 1.2 = 240. Then, after discounting by
20%, the final price is 240 - 0.8 = 192.

. Marshall writes the integers 1 to 64, inclusive, on a whiteboard. After he erases exactly one of these

integers, the sum of the remaining integers is 2026. What integer did he erase?
Answer:

Solution: Since 1+2+4+34---464 = % = 2080, we know that the integer erased was 2080 — 2026 = 54.

. The product 26 -41-17-39 -7 -34- 65 is divisible by p? for some prime p. What is p?

Answer:

Solution: The prime factorization of this value is

26-41-17-39-7-34-65=(2-13)-41-17-(3-13)-7-(2-17) - (5-13) =22.3.5.7-13% . 172 - 41.
The only prime appearing with exponent at least 3 is p = 13.

. Right triangle ABC has its right angle at vertex A. The altitude dropped from A meets side BC' at point

P. Given that the lengths of segments BP and C'P are 4 and 9, respectively, what is the area of triangle
ABC?

Answer:

Solution: The length of the altitude AP is exactly the geometric mean of BP and C'P (this follows from
similar triangles), so it has length v/4 -9 = 6. Thus, triangle ABC has area % -6-(44+9)=39.
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. Ifac+%:5, compute x3+%.

Answer:

Solution: Cubing both sides of x + % = b gives

3 1
x® 43z + = 4+ 5 =125,

X Xz

1 1
x3+3—|—3<3:—|—> =125,

X X

3 1

X +?+3(5):125,

3 1
z” + — = 110.
T

. A linear function F(z) = ax + b with a > 0 satisfies F'(F(x)) = 4x + 9 for all real . Find F(10).
Answer:

Solution: Expanding the left side, F(F(z)) = a(az + b) + b = a’x + b(a + 1).

Matching coefficients with 4z + 9 gives a? = 4 and b(a + 1) = 9.

Since a > 0 we have a = 2, and then 3b =9, so b = 3.

Thus F(x) = 2z + 3, and F(10) = 23.

. Gang rolls a fair six-sided die while Zheng flips a fair coin. After each of Gang’s rolls, Zheng flips his coin
as many times as the number showing on the die. If Gang rolls the die 76 times, what is the expected total

number of tails Zheng flips?

Answer:

Solution: A single roll shows 1H2+3£44+5+0

= 3.5 on average, so by linearity of expectation Zheng flips his

coin 76 - 3.5 = 266 times on average.

Each flip is tails with probability %, so, again by linearity, the expected number of tails is % - 266 = 133.



RAMC 2026 Middle School Individual Solutions 9/19/2026

. How many ordered pairs of positive integers (m,n) satisfy m? + 360 = n??
Answer: @
Solution: Rearranging gives (n —m)(n + m) = 360.

The factors n —m and n+m differ by 2m, so they share a parity, and their product 360 is even, so both are
even. Write n —m = 2a and n+ m = 2b, so that ab = 90. Since m and n are positive, 0 <n—m < n+m,
giving 0 < a < b.

The factorizations ab = 90 with a < b are (a,b) = (1,90), (2,45), (3,30), (5,18), (6,15), and (9,10). Each
recovers (m,n) = (b — a,a + b), namely (89,91), (43,47), (27,33), (13,23), (9,21), and (1, 19), all pairs of

positive integers. Thus there are 6 pairs.

. The positive real numbers x and y satisfy z + y = 10. The minimum possible value of % + % can be

expressed as 7, where m and n are relatively prime positive integers. Find m + n.

Answer:

Solution: Combining the fractions and using =z + y = 10,

1 z+y 10

1
Ty  wmy xy

so the expression is smallest exactly when xy is largest.

By the AM-GM inequality, /zy < %ﬁ = 5, so xy < 25, with equality when x = y = 5. Those values

satisfy = 4+ y = 10, so the minimum is % = %, and the answer ism+n=2+4+5=17.
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Arden, Barden, and Carden share a block of cheese weighing one pound. Arden eats half of the block, then
Barden eats half of what is left, then Carden eats half of what is left, then Arden again, and so on forever
in that order. The total amount of cheese Barden eats, in pounds, can be expressed as 7, where m and n

are relatively prime positive integers. Find m + n.
Answer: @

Solution: Each person eats half of what remains, so the amount left is halved on every turn, and the kP

person to eat consumes 2% pounds.

Barden eats on turns 2, 5, 8, ---, so his total is
1 . 1 n 1 4
4 32 256 ’

a geometric series with first term % and common ratio é.

Since % < 1, the series converges to

00| ~I| b | —
=N

and the answer ism+n=2+7=09.

Find the remainder when 32026 4 72026 4 112026 g divided by 13.

Answer:
12 _

Solution: Since 13 is prime and none of 3, 7, 11 is a multiple of 13, Fermat’s little theorem gives a™* =
(mod 13) for each of these bases. As 2026 = 12 - 168 + 10, this means a?°?® = ¢!? (mod 13) for a = 3, 7,
and 11.

For the first base, 32 = 27 =1, s0 31 = (3%)3 .3 =3 (mod 13).

For the second, 7?2 =49 =10 and ? =70 = 5,50 " =25 = -1l and 7* = 7.7 = 35 = 9. Then
710=706.7"= —9=4 (mod 13).

For the third, 11 = —2, so 11!0 =210 = 1024 = 78 - 13 + 10 = 10 (mod 13).

Adding, 3%0%6 4 72926 4 112026 =3 4 4 410 = 17 =4 (mod 13), so the remainder is 4.
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Call a set of positive integers prime-differed if the positive difference between any two of its elements is

prime. What is the largest possible size of a prime-differed set?

Answer:

Solution: The set {1,3,6,8} is prime-differed, since its pairwise differences are 2, 5, 7, 3, 5, and 2. We

show that no prime-differed set has five elements.
Suppose 1 < T2 < x3 < x4 < x5 form such a set, and let p; = x;41 — x; for 1 < ¢ < 4, so each p; is prime.

For each i € {1,2,3}, the number p; + p;+1 = xiy2 — x; is also prime. If p; and p;4; were both odd, their
sum would be even and greater than 2; if both were 2, their sum would be 4. Neither is prime, so exactly

one of p; and p; 11 equals 2.

Applying this to (p1,p2), (p2,p3), and (ps3,ps) forces the twos to alternate: either p; = ps = 2 with ps and
pq 0odd, or po = py = 2 with p; and p3 odd.

Either way x5 — 1 = p1 + p2 + p3 + p4 is the sum of two twos and two odd primes, hence even, and it is at
least 24+ 2+ 3 4+ 3 = 10. An even number greater than 2 is not prime, contradicting the assumption that

the set is prime-differed. Thus the answer is 4.

Two real numbers a and b are chosen uniformly at random from the interval [0, 1]. The probability that
a+b > 1.4va? + b? can be expressed as ™, where m and n are relatively prime positive integers. Find

m 4+ n.

Answer:

Solution: Both sides of the inequality are nonnegative, so we may square them. Then

(a+b)* > 1.96(a? + b?),
0 > 0.96a® — 2ab + 0.96b,

and multiplying by 2 turns this into 0 > 12a? — 25ab + 12b* = (3a — 4b)(4a — 3b).

Since (4a — 3b) — (3a — 4b) = a+b > 0, we have 4a — 3b > 3a — 4b, so the product is negative exactly when
3a — 4b < 0 < 4a — 3b, that is, when %a <b< %a.

The sample space is the unit square, whose area is 1, so the probability equals the area of the region cut
out by these two lines. The part of the square below the line b = %a is the triangle with vertices (0,0),

(1,0), and (1, %), of area % -1 % = %; swapping the roles of a and b shows the part above the line b = %a
3

also has area 3

The remaining region therefore has area 1 — 3 — % =

g and the answerism +n=1+4 = 5.

1
4
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Let N = 20262926 and let R be the region of three-dimensional space defined by zV + 3V + 2V < 3V,

Compute the volume of R, rounded to the nearest integer.

Answer:
N N N

Solution: Since 2026 is even, N is even too, so none of ", y
¥ < 3N which forces |z| < 3, and likewise for y and z. So R fits inside the cube with —3 < z,y, 2 < 3,

is negative. A point of R therefore has

whose volume is 63 = 216.

Now fit a cube inside R. Let s = 3(N"1D/N 5o that sV = 3V~1. Any point with |z, |y|, |z| < s has
a:N+yN+zN§33N:3-3N*1:3N,

so the cube of side 2s lies inside R, and its corner sits right on the boundary.

Writing s = 31% shows how close this is to the outer cube. The N root of 3 is a number just barely above
1, since raising anything meaningfully larger than 1 to the power N = 2026202 blows it up far past 3.

With N that large, 3'/V is 1 to an unimaginable number of decimal places, so s is 3 to the same accuracy.

The two cubes therefore agree to far more precision than rounding could ever notice, and R is squeezed

between them. The rounded volume is thus 63 = 216.
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The real numbers a and b satisfy
at—bvt=1,

ab + % = a% — b% + ab.

ptay/T
S

The maximum possible value of b* can be expressed as , where p, g, r, and s are integers, s is

positive, r has no square factors other than 1, and p, ¢, and s share no common factor greater than 1.
Find p+ g+ 7+ s.

Answer:

Solution: Dividing the second equation by the first, which is legitimate because the first equation makes
4

a* — b* equal to 1,

a% + o

at _ bt

(a® + b?)(a* — a?b? + b*)
(a2 + b?)(a? — b?)

a* — a?b? + bt
a2 —p2

a? — b +ab=

where the cancellation is valid since a? 4 b?> = 0 would force a = b = 0, contradicting a* — b* = 1.

Clearing the denominator gives a* — a?b? + b* = (a® — b?)(a® — b? + ab) = a* — 2a%b? + b* + a®b — ab?, so
a®b — a?b? — ab® = 0, that is, ab(a? — ab — b?) = 0.

If a = 0, then —b* = 1, which has no real solution. If b = 0, then a* = 1 and a = %1, and both choices

satisfy the second equation, so b* = 0 is attainable.

Otherwise a? — ab — b? = 0. Dividing by b? makes this the quadratic (%)2 —¢—1=0,5037 = &2‘/5 by the

quadratic formula.

1S

Since a* — b* =1 > 0 we need a* > b*, hence ‘%‘ > 1. As ‘%‘ < 1, the only possibility is § = 1+

2
Then & = (1+T¢5)4 _ (%)2 2 N,

1=a—b'= (”;‘/5—1) b4=5+§"/5b4,

and therefore

o2 2 (3v5—5) C2(3Vh-5)  —543V5
S 5+3V6 (3V5+5) (3v5—5) 20 10

This value is positive and so exceeds the other candidate b* = 0. Thus the answer is p+ g+ 17 + s =
—-95+3+5+10=13.



