RAMC 2026
Middle School Invitational Solutions

Contest Problems/Solutions proposed by the Rochester Math Club problem writing committee:

Editors
Michael Huang Golden Peng

Writers
Alex Voskoboev Ansh Singh Catherine Li
Cathy Wang Derrick Leng Eddy Qi
Elizabeth Zhu Elma Zhang Emma Zhong
Eric Ding Jasmine Yu Jeft Zhou

Julia Wang Mia Milosevic ~ Michelle Yang
Nara Feng Nathaniel Yuan Roger Wei
Ryan Jin Winnie Niu Yuchen Shi



RAMC 2026 Middle School Invitational Solutions 9/19/2026

. The sum of 4 consecutive integers is exactly 2026. What is the smallest of these integers?

Answer:

Solution: If the smallest of these integers is z, then the sum is z+(z+1)+(x+2)+(z+3) = 4246 = 2026,
and thus z = 505.

. Determine the sum of all factors of 72 that are not also a factor of 16.
Answer:
Solution: Since 72 = 23 - 32, the sum of all of its factors is (1 +2 + 22 +23)(1 + 3 + 3%) = 15 - 13 = 195.

Since ged(72,16) = 8, the shared factors between 72 and 16 are exactly all the factors of 8, which sum to
1+24+448=15.

Thus, the desired value is 195 — 15 = 180.

. A function H satisfies H(z) 4+ 2H (1) = 3z for every nonzero real number z. Find H(2).
Answer:

Solution: Replacing = with % in the given equation gives H (%) +2H(z) = %
Doubling this new equation and subtracting the original eliminates H (%), leaving

3H(x) = S_ 3z,

x
so H(z) =2 — .

Thus H(2) =1-2= —1.
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. Trapezoid ABCD has AB || CD, BC =10, and AB = AD = 13. Point E lies on CD so that AE || BC
and BE || AD. What is the area of ABCD?

Answer:

Solution: In quadrilateral ABCE the opposite sides satisfy AB || CE and BC || EA, so ABCE is a
parallelogram; hence CEF = AB = 13 and AE = BC = 10. In quadrilateral ABED the opposite sides
satisfy AB || ED and BE || DA, so ABED is also a parallelogram, giving DE = AB = 13.

The diagonal AE cuts parallelogram ABFED into the congruent triangles ADFE and EBA, and the diagonal
BE cuts parallelogram ABCE into the congruent triangles ABE and CEB. So the three triangles ADF,
ABE, and BCE, which together tile trapezoid ABC D, all have the same area.

Triangle ADF is isosceles with AD = DE = 13 and AF = 10, so the altitude from D to AFE bisects AF
and has length /132 — 52 = 12. Thus [ADE] = $ - 10 - 12 = 60.

Therefore [ABCD] = 3 - 60 = 180.

. Between 3:00 and 4:00, the hour and minute hands of a clock point in exactly opposite directions once. The
number of minutes after 3:00 at which this happens can be expressed as 7, where m and n are relatively

prime positive integers. Find m + n.
Answer:

Solution: Measure angles clockwise from the 12 o’clock mark. The minute hand sweeps 360° per hour
and the hour hand 30° per hour, so ¢t minutes after 3:00 the minute hand is at 6¢ degrees and the hour

hand is at 90 + % degrees.

The hands point in opposite directions when the minute hand is exactly 180° ahead of the hour hand, so

6t — <90 + ;) = 180.

This simplifies to % =270, s0 t = %, which lies between 0 and 60 as required. Since 540 and 11 are

relatively prime, the answer is m +n = 540 + 11 = 551.
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. For each integer 1 < n < 10, Jeff has 4 cards labeled n, and for each integer 11 < k < 13, he has 1 card
labeled k. Cards sharing a label are indistinguishable. How many different collections of 40 of these cards

can Jeff place in a box?
Answer:

Solution: Jeff has 4 - 10 + 3 = 43 cards in all, so choosing 40 to place in the box is the same as choosing

the 3 to leave out. We count the collections of three left-out cards according to how their labels repeat.

(i) All three share a label. That label needs at least 3 copies, so it is one of 1 through 10, giving 10

collections.

(ii) Exactly two share a label. The repeated label needs at least 2 copies, so there are 10 choices for it,

and 12 choices for the remaining label, giving 10 - 12 = 120 collections.

(iii) All three labels differ. There are (133) = 131211 — 986 collections.

These cases are exhaustive and disjoint, so the answer is 10 + 120 + 286 = 416.

. For each positive integer n, let p, be the n'™ smallest prime. Find the sum of all positive integers = for
which there are exactly 25 positive integers n satisfying |p, — 2n| < x. You may find it helpful to know
that there are 25 primes below 100.

Answer:

Solution: Every prime past p; = 2 is odd, so consecutive primes differ by at least 2 from ps onward.

Hence, for n > 2,

(Pnt1—2(n+1)) = (pn — 2n) = Ppt1 —pn — 2 >0,
so the sequence p, — 2n is nondecreasing for n > 2.

Its first few values are py —2 =0, po —4 = —1, p3—6 = -1, ps — 8 = —1, and p5s — 10 = 1. From
n = 5 onward the sequence is nondecreasing and at least 1, so there |p, —2n| = p, — 2n and it too is

nondecreasing; and for n < 4 we have |p, — 2n| < 1.

Consequently, for any integer x > 1, the set of n with |p, — 2n| < z is exactly {1,2,--- , N}, where N is
the largest index with py — 2N < z. There are exactly 25 such n precisely when pos — 50 < x < pag — 5H2.

Since there are 25 primes below 100 and 97 is prime, pos = 97, and the next prime is pog = 101. So
47 < x < 49, giving x € {47,48} and an answer of 47 + 48 = 95.
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. Compute the product of the two real values of x that satisfy the equation

1 1 1 1
@ 12)@t+d)  GID@+3)@td)  w@et3)@ 1)  @rD@t2)@+5)
1 1 1 1 1

w(x+2)(x+5) (+1)(x+3)(x+5) z@+3)(z+4) (@+)(@+2)(x+4) 720

Answer: E

Solution: Expanding the product

1 1 1 1 1 1
r x+1 r+2 x+3 r+4 x+5

gives exactly the eight terms on the left side, with matching signs, so the left side equals this product.

Each factor combines into a single fraction, namely x(a:l+1)’ € +2)1(x 3y and = 4)1(96 75y SO the equation
becomes

z(x+1)(z+2)(x+ 3)(z+4)(x +5) = 720.
The left side is symmetric about x = —%, so substituting u = x + % and then ¢ = u? > 0 turns it into

-

For 0 <t < % the three factors have absolute values at most 24—5, 4, and 6, so the product is at most 150
in absolute value and cannot equal 720. For t > % all three factors are positive and increasing in ¢, so the

product is strictly increasing; since t = % gives 6 - 10 - 12 = 720, this is the only solution.

7

Then u = +2 3

2
product is 1 - (—6) = —6.

SO x = —% + £, meaning x = 1 or x = —6, matching the two real values promised. Their
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. Jamal throws darts at a circular dartboard of radius 40 cm consisting of an inner region of radius 20 cm
and an outer region making up the rest of the board. Every dart lands at a uniformly random point of
the board. Jamal throws darts one at a time and stops as soon as he either hits the inner region on an
odd-numbered throw or hits the outer region on an even-numbered throw; for instance, he throws only one
dart if that dart lands in the inner region. The expected number of throws Jamal makes can be expressed

as 7, where m and n are relatively prime positive integers. Find m + n.
Answer:

Solution: The inner region has area 7 - 202 and the whole board has area 7 - 402, so each dart lands in

the inner region with probability %

i and in the outer region with probability %.

Let A be the expected number of remaining throws when Jamal is about to make an odd-numbered throw,
and let B be the same quantity for an even-numbered throw. Because the darts are independent and each

has the same distribution, these do not depend on which odd or even throw it is.

An odd-numbered throw ends the process if it lands inside, with probability %, and otherwise leaves Jamal
about to make an even-numbered throw; an even-numbered throw ends the process if it lands outside, with

probability %. Hence
3

A=1+4+-B

—1—4,
B—1+1A
= 1A

Substituting the second equation into the first gives A = 1 + % (1 + iA) = % + %A, SO %A = % and
A=28,
13

Jamal begins with throw 1, which is odd-numbered, so the expected number of throws is 25 and the answer

13
iIsm+n=28+13 =41.

Note: if the inner region occupies a fraction p of the board, the same computation gives an expected value
of 1—210%102’ which is largest when p =2 — /3.
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In triangle ABC, Z/BCA = 90°, and ¢ is the line containing the bisector of /BCA. Point D lies on ray
ﬁ outside the triangle so that ZDBC = 45°, and the line through D perpendicular to AC' meets ¢ at E.
Given that AB = v/2 and AE = /5, the sum of all possible areas of triangle ABC' can be expressed as -

where m and n are relatively prime positive integers. Find m + n.
Answer: @
Solution: Let AC = z and BC = y. By the Pythagorean theorem, 22 + 32 = AB? = 2.

Since D lies on ray B beyond C, the angle /BCD supplements /BCA and so is 90°. Together with
ZDBC = 45°, this makes BC'D a 45-45-90 triangle, so C'D = BC = y.

Because £ bisects the right angle /BCA, it meets line AC at 45°, so ZECD = 45°, while Z/EDC = 90°
by construction. Thus ECD is also a 45-45-90 triangle, giving ED = CD = y.

Now AD = AC + CD = z + vy, and the Pythagorean theorem in right triangle ADE gives (z + y)? + 3 =
AE? = 5. Expanding and substituting 2% + y? = 2 leaves y? + 2zy = 3.

Then 2xy = 3 — y?, and squaring gives 422y = (3 — y?)2. Substituting 22 = 2 — y? yields
422 —y*) =y' = 6y° +9,

which rearranges to 5y* — 14y? +9 = (y> — 1)(5¢y% — 9) = 0.

Ify? =1, then2? =1 and [ABC] = 3-1-1=1. If y? = 2 then2? = L and [ABC] = /1 - 2=1.2 =

In both cases 3% < 3, so 2zy = 3 — y? is positive as required, and both configurations occur.

gles

Thesumis%—F%:%,andtheanswerism+n:4+5:9.



